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Abstract

I model the dynamics of price adjustments to news arrival in limit order markets when in-
vestors have limited attention. Because of limited attention, investors monitor news arrival
imperfectly. Consequently prices reflect news with delay. This delay shrinks when investors’
attention capacity increases. The adjustment delay also decreases when the frequency of
news arrival increases. When news arrival frequency is higher, the picking-off risk increases
for limit orders. The order book becomes thinner and there are fewer stale limit orders to
execute or cancel following news arrival. Hence, it reduces the time it takes for market prices

to reflect news content.

Keywords: imperfect attention, news, limit order book, price formation, market liquid-

ity.

JEL classification: G14, D82, D83

Résumé

Je modélise la dynamique des ajustements de prix a l’arrivée de nouvelles dans les marchés
conduits par les ordres, lorsque les investisseurs ont une capacité d’attention limitée. En rai-
son de leur attention limitée, les investisseurs suivent imparfaitement ’arrivée de nouvelles.
Ainsi les prix s’ajustent aux nouvelles apres un certain délai. Ce délai diminue lorsque le
niveau d’attention des investisseurs augmente. Lorsque la fréquence d’arrivée de nouvelles
augmente, le risque de sélection adverse pour les ordres a cours limité est amplifié. Le carnet
d’ordre devient plus fin et il y a donc moins d’ordres a cours limité a exécuter ou annuler
a la suite de l'arrivée d’une nouvelle. Ainsi les prix refletent plus rapidement le contenu

informationnel des nouvelles.

Mots-clés: marché financier, marché dirigé par les ordres, nouvelles, attention limitée,

surveillance de marché imparfaite.

Classification JEL: G14, D82, D83



1 Introduction

Investors have limited attention capacities and thus cannot continuously monitor the flow
of information in financial markets. As a result, they are unable to get or analyze instanta-
neously the implications of public financial news when it arrives. And news content cannot
instantaneously turn into common knowledge for the market. Consequently, at the short
horizon public information is private information for investors who observe it first. Because
of limited attention, the release of public information generates a short-term period of in-
formation asymmetry. How do financial markets react around news arrival? And what role
does limited attention play in this process?

To address these questions I propose a theoretical framework to analyze the role of limited
attention on market reaction to news. I design a model of limit order market in the presence
of uncertainty on the asset value due to news arrival. This model extends the OTC markets
framework of Duffie, Garleanu and Pedersen (2005, 2007) to limit order markets. In Duffie
et al., the main market friction is a search friction for trading counterparties. In my model
the market friction is a limited attention friction which prevents investors from perfectly
monitoring the market and the arrival of news. Investors cannot continuously observe public
information or trade in the market but do it at random times. This set-up generates a gradual
dissemination of new public information among investors following news arrival. Introducing
imperfect market monitoring by investors allows to jointly describe market liquidity, price
formation and market efficiency around news arrival.

Financial markets’ reactions to public information releases has motivated an extensive
line of research both empirical and theoretical especially since the 1990’s. This literature
aims to understand the price formation process around these events. This issue has been
addressed empirically by several papers, such as Eredington and Lee (1995), Fleming and
Remolona (1999) and Green (2004). These papers study the reaction of US Treasury secu-
rities markets to scheduled macroeconomic announcements. The first two papers show that
the market reacts to the announcement in two successive phases. In the first phase, the price
shifts quickly to a new level in line with the main elements of the announcement. The second
phase of this reaction is characterized by high volatility, suggesting that investors disagree on
the precise interpretation of the announcement. This phase ends when the interpretations of

market participants eventually converge. Green’s paper shows that these macro announce-



ments increase the level of adverse selection, suggesting that investors with better processing
abilities can take advantage of these events.

With respect to this literature, a significant contribution of this paper is to design a model
that considers unscheduled news. Financial news is released every day by news providers,
such as Thomson Reuters and Bloomberg, and delivers relevant information for valuing asset
prices. Virtually all this news arrives at unscheduled timeﬂ. In addition, the frequency
of these news arrival events varies a lot across stocks?l The unscheduled nature of these
events is likely to prevent investors from paying perfect attention to financial news. By
embedding limited attention in a limit order book model, I can address the question as to
how unscheduled news affects trading decisions and ultimately price formation and liquidity
provision.

Recent developments in the structure of financial markets suggest that imperfect market
monitoring does indeed play an important role in market reactions to news releases. In
recent years, there has been a tremendous growth in High Frequency Trading activities that
specialize in trading very fast on financial news, which requires the use of intensive monitoring
technologies. This boom illustrates the gains that improving market monitoring capacities
can yield, for some market participants. Ultimately, this trend shows how important attention
capacity, allocated to market monitoring, can be for any investor, not only to keep up with
the fastest market players but also to optimize their trading strategiesﬂ Obviously, these
technological developments have been enabled and fostered by the modernization of financial
markets architecture. Now most equities and derivatives are traded in centralized electronic
exchanges organized as limit order markets. The way trading is organized is not immaterial
to understanding the effect of the imperfect monitoring of news. That is why, in my model,
I explicitly look at limit order markets.

The paper has several empirical implications for market liquidity and price dynamics
around news arrival. When the frequency of news arrival increases, (i) the level of market
liquidity, measured by market depth, decreases, (ii) prices adjust faster following the arrival
of news and (iii) the number of limit order cancellations in the price adjustment process

declines relative to limit order executions. The intuition for these results stems from the short-

Tn a sub-sample of 40 large stocks, representing 70% of the market cap of the FTSE100, Gross-Klussmann
and Hautsch (2011) find that one stock receives on average 750 pieces of unscheduled news over 1.5 years

°In the same sub-sample, the news arrival frequency varies ten-fold, from 200 to 2000 pieces of news

3Some brokerage firms use a smart order routing algorithm to execute their clients’ orders. These programs
monitor markets to evaluate optimal execution conditions for these orders.



term period of information asymmetry around news arrival that is due to limited attention.
Consistent with the presence of information asymmetry, there is a “picking-off” risk for
liquidity suppliers and this risk varies with the frequency of news arrival. Investors may be
reluctant to supply liquidity with limit orders since, following news arrival, limited attention
delays their reaction. In the meantime, their limit orders can be “picked-off” because the
price at which they are posted is not in line with the new asset value, and they therefore
offer a profit opportunity.

In the model, investors can both supply liquidity with limit orders and consume liquidity
with market orders. Before news arrival, investors trade with each other because they have
different private values for the asset, which generates gains from trade. During this phase, the
limit order book remains in a steady state. The market depth (the number of limit orders in
the order book) is constant and determined by the following trade-off. Market orders provide
execution immediacy whereas limit orders provide price improvement but bear execution
delay and a picking-off risk when the asset value changes. At equilibrium, market depth
adjusts so that investors are indifferent between market and limit orders.

When, following news arrival, the asset value changes, this is publicly available but in-
vestors do not observe the change immediately. They become aware of it with a time lag
that depends on their market monitoring intensity. This generates a transition phase at the
end of which prices adjust to the new asset value. This price formation process relies on
two underlying dynamics. First, investors who observe the new asset value fast enough can
profit from a temporary arbitrage opportunity by using market orders to “pick-oftf” stale
limit orders at the initial price. Second, investors with limit orders in the order book cancel
these orders to avoid being picked-off by previous market orders. Once limit orders at the
initial price level have all been cancelled or picked-off, the transition phase ends and the limit
order book converges to a new steady state, with no future news. Thus, the model provides
a high-frequency description of price and order dynamics around news arrival. This should
prove useful for empiricists]

The decision for investors to use limit or market orders to trade before news arrival
depends on the risk of being picked off during the transition phase. All other things being

equal, this risk increases the expected loss associated with limit order submission and has a

1Engle et al. (2009) use high-frequency limit order book data to analyze liquidity and volatility in the
U.S. Treasury market.



negative impact on market depth. In this context, the effect of the frequency of news arrival
is intuitive. More frequent news arrivals increase the likelihood of an event after which limit
orders may be picked off, which leads to higher picking-off risk. Consequently market depth
depends negatively on this frequency. Since market depth is thinner, the amount of stale
limit orders that must be cancelled or executed in the transition phase is smaller, which
makes the price adjustment faster. Finally, during the transition phase, the flow of limit
order cancellations is proportional to market depth and depends negatively on news arrival
frequency, while the flow of limit order executions corresponds to the flow of market orders,
which does not depend on the news arrival frequency. This is why the number of limit order
cancellations decreases relative to the number of executions when news arrival frequency
increases.

Investors’ limited attention capacity also influences the level of picking-off risk prior to
news arrival. However, it has an ambiguous effect. To see why, let us consider an increase
of investors’ monitoring intensity’}] On the one hand, investors can cancel their limit orders
faster after news arrival, which reduces their risk of being picked off and makes limit orders
more profitable. However, investors can also send market orders faster to execute against
stale limit orders, following news arrival, which aggravates the risk of being picked off for limit
orders. Overall, limit orders may be more or less profitable after an increase in monitoring
intensity. I identify conditions under which limit orders are overall more profitable after such
an increase. However the magnitude of its effect on market depth appears to be very small,
especially if compared with the effect that news arrival frequency has. This suggests that
monitoring abilities can have a quantitative impact on investors’ trading strategies only when
they are different between investors. Only relative monitoring abilities matter.

The paper is organized as follows. Section [2| reviews the related literature. Section
presents the set-up and assumptions of the model. Section {4 gives the equilibrium and
its general description. Sections [5] [6] and [7] describe the properties of the different phases
involved in the equilibrium dynamics of the limit order market. Section [8|discusses empirical

implications of the model. Section [J] concludes.

5This increase may result from a reduction of latencies.



2 Literature review

A number of theoretical works have studied the reaction of financial markets to public in-
formation releases. For instance, Kim and Verrecchia (1994) propose a model to analyze
the market reaction to earnings announcements. They assume that traders have heteroge-
nous information processing abilities, which advantages the skilled ones. They then make
empirical predictions about market liquidity and trading volumes around these events. The
essential difference between a model ¢ la Kim and Verrecchia and the model in this paper is
that the former does not consider a realistic trading mechanism and cannot make predictions
about the dynamics of order flows. As mentioned in section [I| several empirical studies have
analyzed market reactions to public information, such as Eredington and Lee (1993, 1995),
Fleming and Remolona (1999) and Green (2004). More recently Tetlock (2010) uses a large
data set on all types of public news to address the effect of public news releases on the level
of asymmetric information and how it affects returns around these events. Della Vigna and
Pollet (2009) link market reactions to earnings announcements and investors’ attention to
explain post-earnings announcement drift.

The link between attention capacity and investors’ decision-making in financial markets
is a fairly new research topic. Recent studies by Peng and Xiong (2006), Van Nieuwerburgh
and Veldkamp (2009) and Mondria (2010) have developed theories in which investors have
limited attention capacity and must allocate it across different assets. The more they allocate
attention to an asset the more precise their information about its future payoff is. Through
this channel, these papers analyze the effect of limited attention on portfolio diversification
and asset prices. My paper contributes to this literature by addressing limited attention from
a different angle. It maps limited attention capacity to imperfect market monitoring at the
high-frequency level, which allows me to analyze its effect on the optimal order choice for
traders to implement their trading strategies.

In his presidential address (2010), Darrell Duffie stresses that market monitoring im-
perfection is a key determinant to understanding market dynamics. Foucault, Kadan and
Kandel (2013) address this problem in a limit order book setting. They consider traders with
heterogenous private values for the asset who can post orders to trade with each other and
can choose ex ante their frequency of market monitoring. But they are exogenously defined

as limit order or market order users. Biais, Hombert and Weill (2013) also consider agents



with imperfect market monitoring abilities. The structure of their model has similarities with
the one proposed here. However, the focus of their papers is different since they consider
limit order market dynamics generated by aggregate liquidity shocks rather than by a change
in the asset value. Moreover I model how asset value uncertainty affects trading strategies
before this change occurs. In Biais et al., market dynamics start with a liquidity shock.
Pagnotta and Philippon (2013) study the effect of competition between exchanges on the
market monitoring intensity, or latency, they provide to their customers. They show that
competition is an incentive for investing in fast trading technologies. Biais et al. (2013), Pag-
notta and Philippon (2013), as well as my paper, use and adapt the model of search friction
in OTC markets introduced by Duffie, Garleanu and Pedersen (2005, 2007) and extended by
Lagos and Rocheteau (2009), Lagos, Rocheteau and Weill (2011), Vayanos and Weill(2008)
and Weill (2007,2008).

The effect of information monitoring on market liquidity has been studied by Foucault,
Roéll and Sandas (2003) in the case of a dealership market. In their model, market makers
face adverse selection due to the presence of informed traders. They can reduce the adverse
selection risk by monitoring information which allows them to acquire information before
the informed traders and, thus, to adjust their quote accordingly. The choice of intense
monitoring is costly. In my model monitoring intensity is an exogenous parameter but it
affects both liquidity suppliers and demanders, which is consistent with how limit order
markets work. Goettler, Parlour and Rajan (2009) design a very realistic environment of
limit order market that is not tractable and meant to be solved numerically. In their paper,
traders do not continuously monitor the market and decide ex ante to be privately informed
or not about the asset value.

This paper also builds on the dynamic limit order market literature. This literature is
quite scarce when compared to its practical importance. One of the reasons for this is that
limit order markets are very hard to model. Foucault (1999) and Parlour (1998) are the first
models of limit order markets designed as dynamic games that deal with the inter-temporal
aspect of the problem. The tractability of these models is appreciable but is reached at the
cost of strong assumptions. Both incorporate private and/or common value as drivers of
trading and price formation processes but do not allow for strategic decisions (cancellation,
resubmission) over the limit order lifetime. Foucault, Kadan and Kandel (2005) focus on

the dynamics of liquidity supply in a limit order market. In their paper, investors trade



for liquidity reasons. They have different preferences for immediacy, which determines their
order choice. Rosu (2009) generalizes Foucault, Kadan and Kandel (2005) framework and
designs a continuous time model in which traders can freely send limit orders at any price
and can cancel them. Rosu (2013) adds a varying asset common value to his previous model.
The two papers by Rosu are based on the fundamental assumption that limit orders are
continuously monitored by their owners. As in Rosu’s models, I design a framework that
allows for complete freedom of choice for investors’ order management, with the exception of
the zero or one unit holding constraint (as in Rosu (2009,2013)). Pagnotta (2013) designs a
limit order book model with insider trading in which agents optimally choose their trading
frequency. At equilibrium they do not trade continuously but they continuously observe the

market and revise their beliefs accordingly.

3 Model

3.1 Preferences and asset dynamics

I consider a continuous time framework with an infinite horizon, ¢ € [0,4+00). There is a
continuum of investors [0, 1]. They are risk neutral and infinitely lived, with time preferences
determined by a time discount rate » > 0. These investors can trade an asset that has a

value v; that changes over time.

Preferences. As in Duffie, Garleanu and Pedersen (2005,2007), an investor is characterized
by an intrinsic private value for the asset that can be “high” or “low”. An investor with a
high private value receives a utility flow v; per asset unit that she owns. An investor with a
low private value receives a utility flow v; — § per asset unit that she owns. Between time ¢
and time ¢ + dt the private value of an investor can switch from one level to another (high

to low or low to high) with probability p.dt.

Asset holding and supply. As in Duffie et al., I assume that an investor can own either
one or zero unit of the asset - this is the “0 or 17 asset holding constraint. The asset supply

is equal to % These two assumptions imply that half of the population owns the assetﬂ

5The choice of a supply of 1/2 allows to make the problem symmetric between buyers and sellers of the
asset. The results of the paper should hold, by a continuity argument, if the supply is equal to s € [0, 1] with
s “close enough” to 1/2.



Types of investors. In the remainder of the paper we define the type of each investor as
a combination of her asset holding status and her private value for the asset. The type of
each investor belongs to the set {ho, hn,lo,In} (h: high, I: low, o: owner, n: non-owner).
Hence, we can divide the mass of investors into 4 populations: Ly, Lpn, Lio, L. Given the
assumptions made about investors’ preferences and holding constraints, they must verify the

following equations

Lho+Lhn+Llo+Lln - 17 (1>
1
Lho + Llo — 5 (2)

It is possible to extend the number of possible types by taking into account the limit order
submission status of investors. Indeed, in a limit order book, an owner can either be out of
the market or have an order in the order book. This is also true for a non-owner. This setting
can generate many sub-types of the previous types. Let us call T the set of all possible types.
If an investor does not have any limit order submitted in the order book, she is out. If she
has a limit order submitted, we have to specify at what price. For instance a In type can be
In —out or In — B with a buy limit order at price B. Symmetrically a lo type can be lo — out

or lo — A with a sell limit order at price A.

Asset value dynamics. The dynamics of the asset common value v; are the following:

e at ¢t = 0, the asset common value is equal to vy

e at date 7 > t, the common value of the asset changes. This time 7 is random and follows
a Poisson distribution of intensity p, P(n). At date 7 the common value switches to

v, = Vg + w or vy = vy — w with equal probabilities %
e for ¢t > 7 the asset value is v, or vy until the end of the game.

e for 0 <t < 7 the state of the world is ( = 0. For 7 < ¢ the state of the world is either

(=uifvyy=v9g+wor(=dif vy, =19 —w.

In this set-up, time 7 corresponds to the news arrival event. Consequently, i can be
interpreted as the news arrival frequency since it is the likelihood for such an event to occur
in the next period. Parameter w measures the news surprise, that is, the innovation in the

asset common value that is publicly released by the piece of news.

10



Assumption 1.

2
w > 30 X max {1, T;_ p] . (3)
p

Assumption (1| states that w is big compared to . It ensures that, if the change in the
asset common value, with magnitude w, is not followed by a change in price, the profit op-
portunity, measured by w, is bigger than gains from trade due to differences in private values,

measured by ¢.

The asset value is seen here as a utility flow for the investor who holds one share. It is
directly taken from Duffie et al. However, one could argue that this way of modelling the
asset value implicitly considers time horizons that are longer than that which is relevant for
this paper (i.e. one trading day). I argue here that this is not a concern since the former
model is equivalent to other dynamics for which the asset pays off at some random time and
does not provide a continuous flow of utility. For instance, the following formulation yields
the same result; the asset pays off cash-flow V' = 2 at a random time that occurs with

respect to a Poisson process of intensity r, and the low private value corresponds to a cost

of holding the asset, which is equal to § per unit of time.

3.2 Limited attention

News arrival can have an interesting effect on financial markets only if these markets are not
fully efficient. News is public information and would be immediately impounded into prices
otherwise. Hence, we need to introduce a friction that would prevent market participants
from having a “perfect” reaction following news arrival. In this paper, I consider investors
who monitor the market imperfectly, in the sense that I explain in assumption 2| below.
Conceptually, imperfect market monitoring can stem from investors’ limited attention
or, put another way, from their limited cognitive capacity. This simply means that a human
being is not able to process information instantaneously - he needs time. Moreover, he cannot
process more than a limited number of information sources at the same time. He must decide
which sources to allocate his attention capacity to. For instance, an investor will not pay
attention all day to a particular market. As a consequence, market monitoring is imperfect:
the investor cannot track and interpret continuously the flow of public news and other market

activities. Neither is he able to trade at all moments during the day.

11



In the model, I exogenously define the imperfect market monitoring process of investors.
Of course, we may think that this process should be endogenous and depend on the optimal
allocation of attention capacity by investors. This problem constitutes a natural extension

of the model introduced here but is not treated in this paper.

Assumption 2. I assume that an investor observes the asset value, the market, her private
value and contacts the market at random times {t;}ien. I call these times “market monitoring
times”. This sequence of market monitoring times is generated by a Poisson process of
intensity A+ p. More specifically, between time t and t+ dt, an investor monitors the market

i two situations:
e when she uses market monitoring technology, which occurs with probability \.dt
e when her private value changes, which occurs with probability p.dt.

The level of investors’ attention allocated to market monitoring is measured by A. At
the limit A = oo investors monitor the market continuously. In a sense, they are infinitely
attentive to the market and to the flow of news.

The second point of assumption [2] states that investors continuously monitor their pri-
vate value for the asset and contact the market whenever this private value changes. This
assumption makes it possible to reduce the anticipation problem of the investor who has to
take into account the possibility of future shocks to her private value especially when facing
the decision to send a limit order. Indeed, she knows that when a shock occurs she has the
possibility of cancelling a previous limit order. This prevents her from being executed when

it is no longer optimal given her new private value.

3.3 The limit order market

Trading takes place in a limit order market. Prices at which trades can occur belong to
a discrete set of prices, the price grid. The minimum difference between two prices is the
tick size, A. Investors can use limit or market orders to trade. Limit orders are orders that
specify a limit price at which the order can be executed. They are posted in the order book
until matched with a market order. The depth of the limit order book at price P, Dp, is the
number of limit orders posted at price P. Market orders do not specify a price limit. They

hit the most competitive limit orders and are immediately executed.

12



Assumption 3. There is an integer K € N such that the price grid is the following set G,
G={kA, k=0,1,2,... K}.
There are three integers 0 < kg < ko < k, < K such that

for *:0,u07"d,v——2—:<k’*+—)A. (4)
r r

The assumption that the price grid is bounded is made for technical reasons. It is rea-
sonable since trading will not occur at prices higher than a certain threshold since the asset
value is bounded (the corresponding strategies would be strictly dominated by a strategy in
which investors do not trade). A similar assumption is made in Parlour (1998), Foucault,

Kadan and Kandel (2005) for instance. The second point of assumption [3[ will impose that

)

the average asset private value “= — 2 is at the same distance from the closest bid and ask

prices, which facilitates the solving of the equilibrium.

Assumption 4. In the limit order book, limit orders are executed following a “pro-rata
matching” execution rule. In this set-up, all limit orders submitted at the same price have

the same probability of execution at any point in time, regardless of their submission date.

Assumption {4] is a simplifying assumption because two investors of the same type and
with a limit order in the book at the same price will have the same value function. In almost
all stock limit order markets, the rule is different since the time priority applies. However, in
practice, there are some limit order markets where “pro-rata matching” is implemented, in
particular in some Euribor or Eurodollar futures markets, studied in Field and Large (2012).
Moreover, if we think of the present model as the order book consolidated across multiple
trading platforms then the reality of the time priority is mitigated. Indeed, the flow of market
orders is split among different trading platforms. Then a limit order in one platform may be

executed before a limit order sent previously on another platform.

Assumption 5.

§> (r+4p)A (5)

Assumption |5 states that % is big compared to A. It ensures that the gains from trade
due to differences in private values, measured by g, is bigger that the implicit cost of trading,

the bid-ask spread, which is measured by the tick size, A.

13



3.4 Value function and equilibrium concept

To finalize the model’s description, I first define an investor’s action set and strategy in
this game. Based on this, I can formally define the value function of an investor and the

equilibrium concept that I use to solve the model.

Action set. Each time an investor monitors the market at a “market monitoring time” she
can decide to take some actions. These actions are a combination of the following “elementary

actions”.

1.

e As an owner, she can take the following “elementary actions”; a,: do nothing and

remain an owner; a?: submit a sell limit order; a3: submit a sell market order and

become a non-owner; a?: cancel her previous sell limit order.

e As a non-owner, she can take the following “elementary actions”; al: do nothing and

remain a non-owner; a2: submit a buy limit order; a2: send a buy market order and

become an owner; at: cancel her previous buy limit order.

Assumption 6. Element a of action set A is a sequence of the “elementary actions” defined
above, such that, after this sequence is implemented by an investor, the “0 or 1”7 asset holding
constraint is satisfied and the investor has at most 1 limit order in the book, the “0 or 17
order status constraint.

A={ac{al,a a’ al al, a2, a’ al}",n €N, s.ta satisfies the “0 or 17 constraints}.

o) 7o) o o) 'n) 'n?

The definition of the action set implies that the investor is not constrained in her actions,
except that she can manage at most one order in the book so we are sure that she cannot
have two limit orders executed which would violate the “0 or 17 asset holding constraint.
Otherwise it is possible for an investor to submit a sequence of buy and sell limit orders an
indeterminate number of times, or to submit and cancel a limit order many times during
the same “market monitoring time”. However, it is obvious that the former action will not
be undertaken at equilibrium since implementing these multiple round-trips only leads to
paying the bid-ask spread multiple times. In the second example as well, cancelling and
submitting does serve the purpose of an investor. If she wants to submit a market order

in the end, generating this “flickering quote” first cannot be a way of manipulating the

14



market since the investor’s impact is infinitesimal, hence submitting the final order of the
sequence straightaway is totally equivalent. More generally, we can intuitively see that at each
“market monitoring time” an investor will not trade more than once, otherwise, given the
“0 or 1”7 asset holding constraint, it would involve round-trips that are a strictly dominated
strategy. And if the action ends with a limit order submission, there will be at most one limit
order cancellation before, because making numerous prior submissions and cancellations is

pointless.

Strategy. At a “market monitoring time”, an investor takes an action based on strategy.
An investor’s strategy is a function, o, that maps the history, her current type, the current

state of the market and the actual time to the action set,

o HxQx[0,00) = A,

(h,q,t) — a.

Set Q brings together all the potential state variables. An element of this set ¢ € Q is
defined as ¢ = (0,v,S) where § € T is the type of the investor, v the common value of the
asset and S the aggregate state of the limit order book, that is, the bid and ask prices and all
of the market depths at these prices. H is the set of all the possible histories of an investor’s

actions and observations:
H=A{he€(ay, .. a,, Gty qt, t1,-- - ) € A" x Q" x [0,00)",t; < ... < tp,n € N}.

Value function. Given an investor’s strategy, o, and the set of strategies of all the other
investors, noted ¥, we can define her asset holding process n; € {0, 1} that is equal to 1 when
she holds one unit of the asset and 0 otherwise. We call her type process 6; € T. And finally,
we note P; the process of trading prices at which her orders are executed, that is, at times
when 7, switches from 0 to 1 or vice versa. Hence, at each time ¢ the value function of an

investor with strategy o can be written as:

Vb, g, t;0,8) = Ey / e 0y (vs — Slgp.e 10y )ds — Pudny). (6)
t
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Equilibrium concept. The strategy o is a best response to the other players’ set of strate-

gies ¥ if and only if for any strategy -,
vht VQt Vi V(ht7Qt7t;072) Z V(htaqwt;77 E) (7)

In this paper, I focus on Markov perfect equilibria, in which the strategies depend only on
state variables, ¢ = (0,v,5). In these type of equilibria, investors make decisions based on
their current type 6, on the current set of the public information, that is, on the current asset

value v, and on the current aggregate state of the market S.

4 Equilibrium

In the first part of this section, I set out the equilibrium result of the paper. I focus on the
symmetric equilibrium. This equilibrium constitutes the core of the paper. I describe it in
more detail in sections 5] [6l and [7} T derive empirical implications from the equilibrium result

in section [§ In the second part of this section, I show that this is not a unique equilibrium.

4.1 The symmetric equilibrium

Proposition 1. There is an equilibrium which involves three pair of bid and ask prices. Each
pair of prices is associated with one possible asset common value, vy, v, or vy: its bid and

. . . . « 6
ask prices are symmetrical with respect to the average priwate value of the asset, *= — o

2r
(x =0, u ord),

v ) A v ) A
Bf=2_ = pr=_ =
ro 2r 2 r 2'r‘+2 (8)

(A9 BY) is the pair of bid and ask prices at the beginning of the game. (A", B*) (resp.
(A1, B%)) is the pair of bid and ask prices at the end of the game if the asset common value
Jumps to v, (resp. vg).

Before news arrival, the depths of the limit order book at prices A° and B° are both equal
to the depth parameter o (D0 = Dpo = o). Limit orders posted at these prices are executed
at idiosyncratic random times, according to a Poisson distribution of intensity I°. The two

parameters, a® and 1°, are interdependent:

o [V is such that investors are indifferent between limit and market orders. This depends,
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among other things, on the state of the order book and particularly on o

o o depends on ° because I determines the flow of executed limit orders and consequently

the depth of the order book.

The equilibrium values (agq, lgq) are defined as the unique fized point solution to this problem

of interdependence.
Proof. Proposition (1| characterizes the model’s equilibrium that is analyzed in the paper. It

summarizes the results given in propositions [2] to [9 O

The equilibrium strategies and the limit order book dynamics (cf Figure have the
following features. In the first phase, for 0 < ¢ < 7, when the asset common value is equal
to vg, trading occurs because of differences in private values across investors: lo’s and hn’s
trade with each other via the limit order book, ho’s and In’s do not trade. In particular
buy limit orders are submitted by types hn and sell limit orders are submitted by types lo.

During this phase the dynamics of the limit order market are as follows:

e the limit order book is in a steady state phase. The market depths at A° and B° are

both equal to agq and do not vary over time.

e [0 type investors submit sell limit or market orders using a mixed strategy. They choose
to submit a market order at price B® with probability m or a limit order at price A°

with probability 1 —m. They do not submit sell limit orders at prices higher than A°.

e hn type investors submit buy limit or market orders using a mixed strategy. They
choose to submit a market order at price A with probability m or a limit order at
price B® with probability 1 — m. They do not submit buy limit orders at prices lower
than BY.

e A sell or buy limit order submitted at price A° or B is executed at an idiosyncratic
random time according to a Poisson distribution of intensity lgq. It is such that lo’s

and hn’s are indifferent between limit and market orders.

Once the asset common value has changed, a transition phase starts for the limit order book.
This transition phase lasts for a finite duration 7. During this phase, for 7 < t < 7+ T,
trading takes place because the new value of the asset is not in line with market prices, A°

and B°, and thus generates a profit opportunity.
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e if the new common value is vy + w, investors of type lo cancel their sell limit orders, if
they have any, and resubmit them at a higher price A*; investors of type ho stay out of
the order book; investors of types An and In send buy market orders to execute against

stale limit orders at price A° and then behave according to their new type, ho or lo.

e if the new common value is vy — w, investors of type hn cancel their buy limit order, if
they have any, and resubmit them at a lower price B?; investors of type In stay out of
the order book; investors of types ho and lo send sell market orders to execute against

stale limit orders at price BY and then behave according to their new type, hn or In.

When all of the limit orders that could potentially be picked off have been executed or
cancelled, the transition phase is over. Then trading occurs again because of differences in
private values across investors. During this last phase, ho’s and [n’s do not trade, and lo’s
and hn’s trade with each other via the limit order book. The limit order book converges
to a steady state phase that has the same features as the first phase except that there is no
uncertainty for the future common value, yp = 0. Bid and ask prices are either A* and B" or

A? and B? depending on the previous change in the common value.

4.2 Other equilibria

There are other equilibria than the one described above. First there is the class of equilibria
to which the symmetric equilibrium belongs. Each of these equilibria is characterized by the
three pairs of prices, (A%, B%), (A%, B*) and (A% B%). The equilibrium strategy is qualita-
tively the same and differs from the symmetric equilibrium strategy in the values that the
equilibrium parameters (ag,, I,,...) take.

There are also some other classes of equilibria but they are not easy to find. Indeed in
order to solve for the equilibrium of this game one must proceed by guess and check. The
first step is to conjecture equilibrium strategies for all agents. The easiest thing is to assume
that all agents have the same strategy. Given this strategys it is possible to determine the
dynamics of the limit order book. The last step is then to check that it is not profitable to
operate a one-shot deviation from the conjectured strategy for any type at any point in the

game while other agents are playing the conjectured strategy. Solving the problem in that

way is difficult. Defining the set of all equilibria is even harder.
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Figure 1: Dynamics of the limit order book following the arrival of “good” news

An example of another equilibrium is the empty limit order book equilibrium. It has the

following features:

e For 0 <t < 7, when the asset common value is equal to vy, trading takes place because
of differences in private values across investors: lo’s and hn’s trade with each other via
the limit order book while ho’s and In’s do not trade. Investors coordinate on a trading
price P at which ho’s and In’s send (marketable) limit orders. The buy and sell order
flows due to lo’s and hn’s are exactly equal, which implies that their limit orders are

immediately executed and that the limit order book is always empty.

e For t > 7 the same type of trading dynamics take place at price P* if v = vy + w and

at P4if v =1y —w

In this type of equilibrium, there is no transition phase. The trading price immediately
adjusts when the common value changes. Moreover, this equilibrium reaches the maximum
welfare possible in the model. Indeed, it is such that investors of type ho and In have in-

centives to trade immediately and thus do not stay with their current position more than an
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infinitesimal period of time. In the end, all of the asset supply is owned by investors with a

high private value, which is socially optimal.

In this paper, I focus on the first class of equilibria, which is more realistic than the second
one. Moreover, in the empty limit order book equilibrium, investors coordinate with each
other to trade at a price that they do not observe when they observe the limit order book
since it is empty. When the limit order book is not empty, investors can figure out what the

equilibrium prices are by observing the state of the limit order book.

5 Limit order book in a steady state

In this section, I describe the equilibrium strategy and the state of the limit order book in
the first phase of the game. During this phase the limit order book is in a steady state. This
phase ends at the time when news arrives. In the description of the steady state phase, I
take the bid and ask prices at which trading occurs, (A, B), as first undetermined. At some
point, I focus on the pair of prices (A%, BY) that defines the symmetric equilibrium. In this

way, I separate what is specific to the symmetric equilibrium and what is not.

Definition 1. A limit order market is in a steady state when the depths displayed in the

order book and the different order flows are deterministic and do not change over time.

This steady state is possible in the model because there is a continuum of investors. Each
investor faces idiosyncratic uncertainty about her private value for the asset. She switches
from “high” to “low” or “low” to “high” with respect to a Poisson process of intensity p.
By the law of large numbers applied to the continuum of investors, the share of investors
switching from one private value to another is deterministic and equal to p.dt at each point
in time. For the same reason, the share of investors monitoring the market is deterministic

and equal to A.dt. Hence the flow of investors who monitor the market is constant over time.

5.1 Omne-tick market

Proposition 2. A limit order market in a steady state at equilibrium is necessarily a one-tick
market. Its bid-ask spread is equal to the tick of the market, A — B = A. Moreover liquidity

supply 1s concentrated at best bid and ask prices:
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e all sell limit orders are sent at price A, generating depth D 4, and there are no sell limit

orders at higher prices than A

e all buy limit orders are sent at price B, generating depth Dg, and there are no buy

limit orders at lower prices than B

Proof. The proof of proposition [2| relies on a simple argument. In a steady state at equilib-
rium limit orders and market orders are sent by investors in accordance with an equilibrium
strategy. It generates flows of limit and market orders that are constant and deterministic
over time so that the steady state holds. Let us consider an investor for whom it is opti-
mal to send a buy market order at A. If there was a reachable price A < P < B it would
be profitable to send a limit order at P since it would immediately be hit by the flow of
market orders and would get price improvement compared to A. This would contradict the

optimality of the strategy. 0

This one-tick market result relies on the modelling approach. There is a continuum of
investors and a “0 or 1”7 asset holding constraint. Random idiosyncratic events affect a deter-
ministic share of investors, because of the law of large numbers, which create deterministic
flows of orders and cancellations. These flows are finite because of the holding constraint.
The key reason for this result is that the flow of market orders is deterministic, continuous
and positive. Hence, any limit order that is submitted alone within the bid-spread would be
immediately executed. It is also because the instantaneous flow of market orders is infinitesi-
mal and is thus not big enough to move prices. One might think that in a large market where
trades take place almost continuously and where market orders are small enough to have no
price impact, for instance if robots optimize execution by slicing big orders into small ones,
then the occurrence of one-tick bid-ask spreads could be high. Indeed, there would be an
incentive to send a limit order within the best quotes rather than a market order because

execution would be almost immediate.

5.2 Steady state strategy

When the limit order book is in a steady state trading takes place due to differences in
private values across investors. Investors of types ho and In do not trade because prices are

between the value of owning the asset for an investor with a high private value and that of an
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investor with a low private value. Given these prices, investors of type hn and lo are better
off if they change their holding status, therefore they trade. If they use market orders, they
immediately join the group of “satisfied” investors (ho and In). If they use limit orders, they
become “satisfied” once their order is executed. The consequence of this strategy is that
investors of types lo and hn, who have monitored the market at least once, have a limit order
in the order book. In the steady state, they all have a limit order in the order book since

they have all monitored the market at least once.
Proposition 3. The equilibrium strategy in the steady state phase is defined as follows:
e ho: cancel any sell limit order and stay out of the market

e hn: send a buy limit or market order as part of a mized strateqy. When she monitors
the market she submits a buy market order with probability ma € [0,1]. It is executed

at the ask price A.

e [o: send a sell limit or market order as part of a mized strategy. When she monitors
the market she submits a sell market order with probability mp € [0,1]. It is executed

at the bid price B.
e [n: cancel any buy limit order and stay out of the market.

In this equilibrium, investors of type ho or In do not have a limit order in the order book.
When an ho type switches to a lo type she also monitors the market: either she switches
to a [n type, if she sends a sell market order, or she remains a lo type if she sends a sell
limit order. Symmetrically, when an [n type switches to a hn type, she also monitors the
market: either she switches to an ho type, if she sends a buy market order, or she remains a
hn type if she sends a buy limit order. Consequently, at equilibrium, the depths of the order
book at prices A and B are equal to the number of investors of types lo and hn respectively:

DA = Llo and DB = Lhn'

5.3 Steady state populations

In a steady state, the aggregate size of each type of population does not change over time.
Here, the flow of investors that migrate from the pool of investors with a high private value

to the pool of investors with a low private value and the reverse flow must be equal to each
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other, p(Lpno + Lpy).dt = p(Lip + Lyp).dt. Combined with the constraints that the overall
population has a size equal to 1, we obtain that L;, + L;, = Lpo + Lp, = % In addition, the
asset supply equal to 1/2 imposes that L, + Ly, = % These constraints lead to the following

proposition:

Proposition 4. In a steady state, there is one freedom parameter a® € R such that the
different populations satisfy

1
Lho = Lln = 5 - 0507 (9)

Lhn = Llo = Cko. (10)
It must satisfy the constraints of non-negativity, % —a’ >0 and a® > 0.

This freedom parameter o is determined at equilibrium. It is equal to the liquidity supply
in the limit order book since the depths are equal to Dy = L;, = o and Dp = Ly, = a°.
Let us emphasize here that proposition {4 is true in any steady state equilibrium and does
not depend on the structure of the market. This would remain true in an over-the-counter

market framework a la Duffie, Garleanu and Pedersen (2005).

5.4 Micro-level dynamics of the limit order book

At equilibrium, investors of types hn and [o are indifferent between limit and market orders
and play a mixed strategy. This implies that both types of orders are submitted in the
market. The flows of limit and market orders must be such that the limit order book is in
a sustainable steady state. Moreover these flows must be in a steady state as well, that is,
constant over time.

The flows of buy market orders and buy limit orders depend on the share, m, of in-
vestors of type hn who send buy market orders when they monitor the market and on the
complementary share, 1 — my4, who send buy limit orders. On the sell side, a share, mpg, of
investors of type lo send sell market orders when they monitor the market and the remaining

share, 1 — mp, send sell limit orders.

Ask Side. At each time t, on the ask side of the market, depth is constantly equal to
Dy = L. The flows of order entering or leaving the ask side of the order book are as

follows:
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e Qutflow due to limit order executions: execution of buy market orders sent by hn’s

monitoring the market, ma(ALp, + pL,).dt.

e Qutflow due to limit order cancellations: investors switching from lo to ho, pL;,.dt, lo’s

cancelling their sell limit order to send a sell market order, mgAL,.dt

e Inflow due to limit order submissions: investors switching from ho to lo submitting a

sell limit order, (1 — mpg)pLp,.dt

The steady state condition for the ask side of the book is :

pLio +ma(ALpy + pLin) + mp(ALio + pLio) = pLio. (11)

limit order cancellations : by lo's switching to ho's

I_) Lj,.dt
p

by lo’s sending market orders
mM\L,.dt

limit order submissions —_,|
by ho's switching to lo's :
(1 - m)pLho-dt AO

L.

limit order executions by hn's buy market orders :
m()\Lh,, + pL/n).dt

Figure 2: Steady state dynamics of market depth

Bid Side. At each time ¢, on the ask side of the market the depth is constantly equal to
Dp = Lp,. The flows of orders entering or leaving the bid side of the order book are as

follows:
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e Qutflow due to limit order executions: executions of sell market orders sent by lo’s

monitoring the market, mp(ALj, + pLp,).dt.

e Qutflow due to limit order cancellations: investors switching from hn to In, pLp,.dt,

hn’s cancelling their sell limit order to send a sell market order, maALp,.dt

e Inflow due to limit order submissions: investors switching from [n to hn submitting a

sell limit order, (1 —ma)pLy,.dt

The steady state condition is :

pLpn +mp(ALi, + pLio) + ma(ALpy + pLin) = pLiy,. (12)

5.5 Execution rate and liquidity provision

At any time ¢ in the steady state phase, the flow of market orders hits a share of limit orders
in the order book. Because of the Pro-Rata execution rule, all limit orders on the same side of
the book are equally likely to be executed. Between t and ¢ + dt the probability of execution
is equal to the ratio of the flow of market orders over the market depth.

For instance, on the ask side, the flow of market orders is equal to ma(ALp, + pLyy,).dt
and market depth is equal to D4 = L;,. Hence the instantaneous probability of execution is

equal to
mA<)\Lhn + len)

Llo

Ly.dt = dt. (13)

l4 is the execution rate for sell limit orders. In the same way, we can define the execution

mp ()‘Llo+pLho)

rate for buy limit orders as lgp = i

Compensation for providing liquidity. When an investor submits a limit order instead
of a market order, she chooses her execution price but forgoes execution immediacy and
eventually takes the risk of being picked off when the asset common value changes. Pro-
viding liquidity therefore requires some compensation for risk-taking. This compensation is
obtained through an appropriate execution delay for limit order execution. More precisely,
the execution rates [, and [ must incentivize liquidity provision via limit orders. At equi-
librium these execution rates are such that market and limit orders are equally profitable
for types hn and lo. This mechanism appears clearly in investors’ value functions (see next

sub-section).
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Once execution rates and the state of the limit order book are defined at equilibrium, the

mixed strategies are perfectly defined as well. For instance, the probability of sending a sell

Lpn

market order for an investor of type lo is equal to mp = ml B.

Steady state liquidity provision. By incorporating the execution rates, the two steady

state equations [I1] and [I2] can be rewritten as

pLpy + gLy + 1AL, = pLyy (14)
pLio +1aLi + gLy, = pLpo (15)

These equations are in fact the same and define the value of the steady state populations.

Indeed, it pins down the value of the depth parameter o,

_r
2p—|—lA+lB

0

o’ = % (16)

The aggregate properties of the limit order book in the steady state phase are completely
characterized by o and the execution rates {4 and lz. Indeed, they define the steady state

populations, market depth and aggregate order flows in the limit order book.

5.6 Value functions

The equilibrium strategy generates a system of equations that defines the different value
functions for each type of investor. Here I only provide the value functions for investors of

types ho and hn. The cases of investors of types In and [o are very similar.

Type ho. At time ¢, an ho type investor is out of the market and receives a utility flow
vg.dt. In the next instant, she may switch to the lo type with probability p.dt and obtain the
value function Vj,. She may also be affected by a change in the asset common value which

happens with probability u.dt. Her value function Vj, is defined as follows:

1
Vio = vo.dt + (1 — r.dt) | p.dtVi, + u.dté(v,;j,(O) +VEO0) + (1= (p+ pw)dt)\Vio| . (17)
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Equation [17] can be simplified and rewritten as:

Vio + E[V;2(0) + V2 (0
Vho: U0+p l + 2[ ho( )+ ho( )] (18)
r+pt+p

The term 5[V} (0) + V,£(0)] corresponds to the average value function of an ho type investor
after the asset common value has changed, whether upwards or downwards. These are the

values of being an ho type at the beginning, “time 07, of the transition phase.

Type hn. At time ¢, an hn type investor monitors the market with probability A.dt. She
sends a buy market order with probability m4 or a limit order with probability 1 — m4.
Sending a buy market order at price A provides her with the value function V;, — A. Indeed,
she gets execution immediacy by trading at the ask price A and instantaneously switches to
type ho. Sending a buy limit order at price B provides her with the value function Vj,_p

defined as follows:

an—out + mA)\(Vho - A) + lB(th - B) + %[thn—B(O) + Vhdn—B<O>]
7"—|—p—|—l3+m,4)\+u ‘

Vin-B = (19)

Once the limit order has been submitted, several events can occur: either the investor’s type
changes with intensity p and becomes In, or the investor monitors the market again with
intensity A and cancels her limit order to send a market order with probability m 4, or the
limit order is executed with intensity /g. Each of these events corresponds to a change in the
utility function and defines the value function of submitting a limit order. Type hn becomes
indifferent between limit and market orders if and only if V},,_g = V},, — A, that is, if sending
a market order or a limit order yields the same expected profit. When this condition is
fulfilled, the value function of an hn type is defined as Vj,, = Vin—p = Vo — A and can be

rewritten as:

_ PVin +18(Vio — B) + 5[V, _5(0) + Vit _5(0)]
r+p+ip+u '

The indifference conditions for an hAn type investor define the required values for Ilp
(similarly the indifference conditions of a lo type investor define l4). It is easy to check
that this value does not depend on the mixed strategy mp. Actually, as mentioned above,

these parameters adjust to make the equilibrium possible. Typically {5 depends on value

27



0 gince the level of

functions in the transition phase. These value functions depend on «
liquidity provision affects the duration of the transition phase, among other things. Let us
recall that a® corresponds to the depth of the limit order book and that the transition phase
lasts until this depth has been completely executed or removed. Overall, Iz depends on a®
and vice versa. Solving for the game’s equilibrium is equivalent to solving this fixed point
problem in the first steady state phase. It also requires solving the sub-game starting with
the transition phase, after the asset common value has changed, to obtain the corresponding

value functions.

5.7 Steady state in the symmetric equilibrium

In the initial steady state of the symmetric equilibrium, investors trade at bid and ask prices
A% and B°, defined by equation [§] of proposition [I] The symmetry of this equilibrium is such
that the trade-off between limit orders and market orders is quantitatively the same on both
sides of the market. The execution rates that make investors indifferent between limit and

market orders are the same for sell and buy orders:
Lao = lgo = 1", (21)

In the symmetric equilibrium, investors of type lo or hn use the same mixed strategies to
choose between limit or market orders. The probabilities m 4 and mpg are both equal to m

which is equal to
A

= Aol + p (% — ao) (22)

The steady state condition for the limit order book (equation , in the specific case
of the symmetric equilibrium, implies that the equilibrium execution rate [° depends on the

depths of the order book, measured by o in the following way:

0=y (ﬁ - 1) = 9(a”). (23)

The execution rate implied by this formula is infinite for a® = 0 (g(0) = oc) and nil for

a0 =1 (g(1/4) =0).

Proposition 5. The execution rate, 1°, that makes investors of types lo and hn indifferent
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Figure 3: Plot of f and ¢ in function of a® (A = 100, p =50, r =1, p=2, A =1, § =
10, w = 50).

between limit and market orders is a function of a°, I° = f(a). For a® =0 and o® = }L, f

is finite and positive. Moreover f is decreasing with respect to o,

0
87{0 < 0. (24)

There is a unique af, € [0,1/4] such that f(a?,) = g(a?,). The intersection point defines

.7 . 0 O -
the equilibrium values, o), and lg, (cf Figure @

Proposition 5| ensures that once the trading prices (A%, B?, A% B%, A4 BY) have been set
then the equilibrium aggregate state of the limit order market is unique. Only one level of

market depth can be an equilibrium one.

5.8 Steady state equilibria without uncertainty

When there is no uncertainty, ;1 = 0, the equilibrium dynamic of the limit order market is a
steady state dynamic that lasts for the whole duration of the game. In this specific case, the
indifference conditions can be solved in closed form. And we can generalize the analysis in
principle to any pair of bid and ask prices (A, B), not only the symmetric one. Let us first

reconsider the indifference conditions required for an equilibrium to hold.

An hn type is indifferent between limit and market orders when equation holds. In

the specific case where ;1 = 0 and by replacing Vj,, with V},, — A, since they are equal, we
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obtain

(r+p+18)(Vio — A) = pVin + 15(Vho — B). (25)

Similarly a lo type is indifferent between limit and market orders at the following condition,

(r+p+1a)(Vin+ B) =v9 — 6 + pViho + {a(Viy, + A). (26)

Proposition 6. When there is no uncertainty, the steady state equilibrium is defined by the

following values:

vg —rA — pA
lp=—"-—-—— 2
rB — pA — (vg — 9)
la= 2
A A ) ( 8)
Vie = 22 (op— pA) + — L1 1 p(a 1 BY) (20)
ho—r2UO p "+ 2p2 Vo T p )
Vin = ~: (00 = pA) — —~— (0 + p(A + B)) (30)
In — r9 0 P r+ 2p2 0 P )
Vin = Vo — A, (31)
Vie=Vin + B. (32)
The equilibrium bid and ask prices, B and A, verify the inequalities
)
W _ 21 PA<B<Aa< LA (33)
ror rooor

and the one-tick market property, A — B = A. And the equilibrium populations are charac-

terized by the value
o _ 1 pA

“= 35— A

a (34)
Symmetric equilibrium. The particular pair of prices on which I focus in this paper
defines the symmetric case. This is the case where the term of limit order vs. market order
trade-off is the same on both sides of the market. The equilibrium prices (A°, B%) make the
execution rates equal, [40 = [go. In the particular setting, in which g = 0, the value of the
execution rate is [40 = lgo = lgq = %. The execution rate depends on 9, the difference
between the low and high private value, which measures gains from trade. The bigger it is

the less investors are willing to wait and thus require a higher execution rate. This execution
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rate is also negatively impacted by the tick size since a high tick size corresponds to a high
trading cost for market orders. It makes investors more willing to wait and trade with a limit

order to save the bid-ask spread.

Monitoring intensity irrelevance. An interesting feature of this equilibrium is that ag-

0

gregate outcomes, such as Oeq)

do not depend on A, the monitoring intensity. This is an
expected outcome of the model since trades occur because of differences in private values
and because these private values are monitored continuously. This suggests that market
monitoring has a limited role in a stable market. More specifically, market monitoring plays
a role when liquidity supply is, for instance, cyclical, such as in Foucault et al. [2009]. In my

model, there is no cycle since order flows are such that the order book is steady.

Remark 1. The assumption[5, 6 — (r 4+ 2p)A > 0, is necessary to ensure that the interval
[”70 — g +2A, % — ’fA] is non-empty and larger than A.

To understand inequality we can look at the interval prices | — 91t w0 0_p ]
T rr4+2p’ r rr+2p

First, let us emphasize that this interval is a subset of all possible equilibrium prices - it is

included in [% — 2 4 £2A % — 2A]. This inclusion is a consequence of § — (r + 2p)A > 0.

T

0 — g:j—;p is the value, for an investor with a low private value, to hold the asset forever and
w0 — g# is the value, for an investor with a high private value, to hold the asset forever.

These are the reserve values of these investors when they hold the asset. In the case where
an owner with a low private value and a non-owner with a high private value meet only once,
and leave the market afterwards, then the trading price has to be in this interval for the two
investors to trade.

In the steady state equilibrium of the limit order market, trading also takes place between
owners with a low private value and non-owners with a high private value. However, the range
of trading prices is wider than the difference between the two reserve values because investors

can trade more than once.

6 Limit order book in the transition phase

When there is uncertainty, p > 0, the first steady state phase does not last forever and is
followed by a transition phase. Preceding the beginning of the transition phase, the world

is in the state ¢ = 0. The transition phase starts when the asset common value changes. It

31



corresponds to the public news arrival event. It occurs at some point in time 7 that follows
a Poisson distribution, P(u). At times ¢ > 7 the state of the world is either ¢ = u (up) with
Uy = V9 +w or ( =d (down) with v; = vy — w with equal probability. 7" is the the duration

of the transition phase and it is the same in both states of the world.

6.1 Transition phase strategy

Once the asset common value has changed, to a high level v, for instance, investors of types
hn and [n who do not own the asset turn into arbitrageurs. It is profitable for them to buy
the asset while it is tradable at a low price, A%, and to resell it at a higher price, A%, later.

The price A* will also be the ask price in the phase that will follow the transition phase.

Proposition 7. After the asset common value has changed, during the transition phase, the

equilibrium strateqy is as follows:

e In the case ( = u, for 7 <t < 7+ T : investors coordinate on a pair of future ask
and bid prices (A", B*); investors of type lo cancel any sell limit order that is not at
price A" and submit a limit order at price A%, investors of type ho cancel any sell limat
order and stay out of the market; investors of type In send a buy market order and
immediately follow the strategy of investors of type lo; investors of type hn send a buy

market order and immediately follow the strateqy of investors of type ho.

e In the case ( = d, for 7 <t < 7+ T : investors coordinate on a pair of future ask
and bid prices (A4, BY); investors of type hn cancel any buy limit order that is not at
price B and submit a limit order at price BY; investors of type In cancel any buy limit
order and stay out of the market; investors of type ho send a sell market order and
immediately follow the strategy of investors of type hn; investors of type lo send a sell

market order and immediately follow the strateqy of investors of type In.

6.2 Limit order book dynamics in the transition phase

Before the transition phase begins the limit order book is filled with limit orders submitted
during the previous steady state phase. The initial market depths at best ask and bid prices
A and B° are noted Do and Dpgo. Both are equal to . During the transition phase,

trading occurs only on one side of the order book. It is the side of the market where posted
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limit orders offer a profit opportunity. On the other side, limit orders do not offer such an
opportunity. Investors with these orders will cancel them and send market orders to hit limit
orders on the other side.

For instance, when the asset common value makes a positive jump, ¢ = u, sell limit orders
submitted at price A° offer a profit opportunity to buyers. Indeed A° was an equilibrium
price when the asset common value was equal to vy but is no longer once this value has moved
up to vo + w. At time ¢ > 7, market depth on the ask side D%,(t) is meant to disappear. It
decreases by virtue of two mechanisms. At each time ¢, a mass (A + p)D",(t).dt of investors
who have a limit order posted at A” monitor the market and cancel their limit orders at price
A At the same time, a mass (A + p) X (Lpn(t) + Ly (t)).dt = 252.d¢t of investors, who do
not own the asset, monitor the market and send buy market orders that execute at price A°.

The dynamics of the depth D%,(t) are given by the following proposition:

limit order cancellations : (A + p)Do(t).dt
pr—)

At t = 7 the asset value
switches to v° + w.

Initial condtion : Dy(r) = ® | Dao(t)

AO

limit order execfjtions by hn's and In's buy market orders :
A
(A + p) X (Lan(t) + Lin(t)).dt = 2£L.dt.

Figure 4: Dynamics of market depth at A° following the arrival of “good” news

Proposition 8. After the common value has changed, during the transition phase,
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o when ¢ = u, market depth at price A° varies as

1 1
Dijo(t) = D(t) = =5 + (ao + 5) e~ (PHN(E-T) 35)

o when ¢ = d, market depth at price B® varies as D%y (t) = D(t) as well.

e [In both cases, the transition phase has the same duration T with

T = p_ll_)\ln(1+2a0). (36)
Transition phase in the symmetric equilibrium. The symmetric equilibrium is the
equilibrium at which investors will trade on future bid and ask prices (A%, B*) in state
¢ =u, or (A%, BY) in state ¢ = d (defined by equation [8 of proposition , in the phase that
follows the transition phase. In section [§ I describe in more detail the underlying trading
mechanism in the transition phase. It has interesting empirical implication regarding the
impact of news arrival frequency or market monitoring on the speed of price adjustment
following news arrival. It also makes it possible to disentangle the different roles that limit
and market orders play in this price formation process. In particular, it is possible to quantify
the effect of news arrival frequency on the share of limit order cancellations and market order

executions in the erosion process of initial market depth.

7 After the transition phase : convergence to a steady

state without uncertainty

In this section, I describe the strategy and the dynamics of the limit order book that corre-
spond to the last phase of the game, after the transition phase is over. In the last phase of
the game, the limit order book converges to a steady state. The asymptotic steady state of
the last phase has the same type of strategy as in the steady state of the first phase. Trading
takes place at prices A* and B* if ( = u or at A% and B? if ( = d. The main difference is

that there is no aggregate uncertainty in the last phase, u = 0.

Here I present the general case of this dynamic equilibrium that converges to a steady
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state without uncertainty. In this equilibrium, the trade-off between limit and market orders
does not change over time. The different value functions are constant over time and are the
same as those in the equilibrium steady state without uncertainty. I use the same notations
I used for the limit order book in a steady state without uncertainty (agq, A, B...etc).

The game starts at £ = 0 in a one-tick market where the market depths at prices A and
B are D4(0) and Dpg(0). They are constituted by a share of the population L;,(0) and a
share of Ly, (0) respectively. Investors use their steady state equilibrium strategy described
in section [l The rates at which hn and lo types send market orders, ma(t) and mp(t),
vary so that the limit order execution rates, [4 and [g, are constant over time and equal

to their value in the steady state equilibrium. In this setting, the dynamics of the different

populations are given by the dynamics of the parameter «(t):

Lho<t> = Lln(t) -

Lpn(t) = Lio(t) =

—a(t) (37)
QF (38)

To fully characterize the level of convergence of the limit order book, we look at how its
state is different from the limit steady state. First, in the steady state all investors have
positions in line with their optimal strategy. For instance, at the limit ¢t = oo all lo types
have a limit order in the book at price A. In this game, an lo type investor may be out of the
market at ¢ = 0 and then has to wait for her first market monitoring time to submit a limit
order. Hence, Lj,(t) — D4(t) measures the mass of [o types out of the market. At time ¢, the
mass of investors of type lo or hn that are still out of the market are given by the following

equations:

Lio(t) = Da(t) = (Lip(0) — Da(0))e O+, (39)
Lin(t) = Dp(t) = (Lin(0) — Di(0))e~ 4. (40)

Second, we must measure the difference between the population sizes at time t and their
level in the steady state equilibrium. This difference is given by the value a(t) —a?,. Overall,
describing the changes in «(t) is enough to describe the dynamics of the order book since

Lno(t), Lin(t), Lpn(t), Lis(t), Da(t) and Dp(t) are fully defined when a(t) is known.
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Proposition 9. The dynamics of the parameter a(t) are given by the following equation:

1 — e~ P=(pHla+ip)]t

A—(p+1la+1p)

a(t) = aeg + |a(0) — agq + (laka + lpkp) e~ (ptlatin)t (41)

with Rg = Llo(0> - DA(0)7 Rp = Lhn(()) - DB(())

8 Empirical implications

8.1 Determinants of the liquidity supply before news arrival

In the initial steady state phase when investors decide to supply liquidity or not, they an-
ticipate that news arrival will trigger a transition phase during which their limit order may
bear adverse selection risk. The model’s parameters influence this risk of being picked off in

different ways and thus have an effect on the size of market depth.

. . - . . . 0 .
Proposition 10. An increase in pu or w has a negative impact on ag, (cf. Fzgure@

a? al
gzq <0, g:zq <0. (42)

: 0 _
Moreover lim,,_, gy = 0.

For a value of p not too low, an increase in the monitoring rate A has a positive impact

on ol (cf. Figure|[5).

eq
N 0 (43)

Prediction 1. The liquidity supply before news arrival agq

e decreases with the frequency of news arrival, @, or news surprise, w.

e decreases with the monitoring rate A when p is not too low

The comparative statics can be explained by the effect that © and w have on the
limit order execution rate [°. All other things being equal, investors are less willing to use
limit orders when the volatility of the asset common value, driven by p and w, increases. As
a consequence, in order to keep investors indifferent between limit and market orders, the
execution rate must increase.

ol ol°
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Figure 5: (i) Changes in af, in function p € [20,70] for A = 100 and (ii) changes in a2, in
function of A € [0,1000] for p =50 (r=1, p=2, A =1, § =10, w = 50).
Then the depth of the order book adjusts downwards because the relation a® = m has

to be satisfied.

The effect of A on ozgq can also be explained by the fact that {° decreases with respect to .
However this dependence of [° on ) arises from two different channels with opposite effects and
hence has no intuitive direction. On the one hand, the increase of A makes investors quicker
to cancel limit orders following news arrival. It reduces the picking-off risk and increases the
incentive to use limit orders through, then I° decreases to maintain the indifference condition.
On the other hand, when A\ increases, investors can send market orders faster following news
arrival, which increases the picking-off risk for limit orders, which ultimately increases [°.
Overall, the effect is ambiguous. Numerical investigations confirm this ambiguity. We can
see that for different values of p, with the same parametrization as in Figure [5] the effect is
different. Figure [6] shows that market depth is non-monotonic with respect to A for u = 0.1
and decreasing for ;1 = 0.01. The effect is changed when p is fairly small. For instance, for
=1, o, increases with X. But overall, if we look at the magnitude of the variation of oy,

with A, it is small and even negligible compared to the effect of p.

0

eq» and implicitly on investors’ trading strate-

The negligible effect of A on market depth «
gies, is in line with the intuition that only relative reaction speed should matter in a game
where faster traders will earn higher profits following the arrival of new information. In our
set-up, an increase in A corresponds to an increase in the reaction speed of all investors, but
their speed remains the same relative to each other. Put differently, monitoring abilities are

homogenous across the population.
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Figure 6: Changes of agq in function of A\ € [0,1000] (i) for x = 0.1 and (ii) for x = 0.01
(r=1,p=2 A=1,0=10, w=50).

8.2 Duration between news arrival and price changes

The duration between news arrival and the change in trading prices in the limit order book

is the duration of the transition phase.

1 0
T = PR In(1 + 2a,) (45)

Prediction 2. For values of A and p not too low, the duration of the transition phase T
e decreases with the frequency of news arrival, p, or news surprise, w.
e decreases with the monitoring rate \.

Prices in the limit order book reflect the new common value of the asset once there is
no arbitrage opportunity left, that is, once limit orders submitted at the initial prices that
offered the arbitrage opportunity have disappeared. The population of potential arbitrageurs
is fixed. It corresponds to the group of non-owners if the common value goes up and to the
group of owners if the common value goes down. Both groups have the same size, % Then,
in the transition phase, the flow of directional market orders used to take advantage of
the arbitrage opportunity is proportional to the rate at which this population monitors the
market, A + p. This flow is equal to [(A + p)/2]dt and does not depend on p or w. w and w
only affect the initial market depth ozgq. The effect of an increase of p1 or w is mechanical: it

reduces the initial market depth. Thus, it is consumed and removed faster in the transition

phase. The monitoring intensity A\ affects both market depth and the flow of market orders.
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However, as market depth is a bounded function of A (and is not very sensitive to \), the
monitoring rate ends up reducing the duration of the transition phase for A “not too low”.

We should note that as soon as the asset holding constraint on investors is independent
of p or w during the transition phase, the flow of market orders remains independent of
these parameters and the result holds. The “0 or 17 asset holding constraint is not key here.
However, the holding constraint is necessary, otherwise investors would send infinitely large
orders and consume the initial market depth instantaneously .

The fact that A\ and g or w are independent is less obvious. As in the case of models
of limited attention allocation (Peng and Xiong (2006), Van Nieuwerburgh and Veldkamp
(2009) Mondria (2010)), investors may choose their A\ depending on characteristics of the

asset. This calls for further extensions of the model to endogenize the choice of .

8.3 Order flow decomposition in the price discovery process

Corollary 1. In the transition phase, the numbers of limit orders executed and limit orders
cancelled are respectively:

In(1 4+ 207,

In(1 + 2aY
rop = U2 o g I1E 20

5 (46)

The ratio of limit order cancellations to executed limit orders is increasing with respect to

i LOC -
0o LOFE

Prediction 3. In the transition phase, the ratio of limit order cancellations to limit order

0 (47)

ezecutions
e decreases with the frequency of news arrival, p, or news surprise, w.

e increases with the monitoring rate A when p is not too low.

The mechanism behind this result is as follows. As mentioned in the previous sub-section,
the flow of directional market orders during the transition phase is proportional to A+ p and

does not depend on agq, por w. On the the liquidity supply side, the instantaneous probability

0

for an investor to cancel her limit order is also (A + p).dt. The mass of these investors is o,

at the beginning of the transition phase and equal to D(t) afterwards. Then the flow of limit
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order cancellations at ¢ during the transition phase is (A+p)D(t).dt, which depends positively
on oy, If o, is initially larger, at each date the flow of limit order cancellations is larger as
well, whereas the flow of market orders is the same. This explains why the number of limit
order cancellations increases relative to the number of executions. When af, is larger, the
transition phase also lasts longer, which explains why the number of market orders during

the transition phase can increase as well.

9 Conclusion

This paper models the effect of limited attention on market reactions to news arrival. The
limited attention capacity of investors restricts their ability to monitor the market. This
imperfect market monitoring delays price adjustments following news arrival. Because of
their imperfect ability to monitor news, investors run the risk of being picked off when
they supply liquidity with limit orders. When the frequency of news arrival increases, this
picking-off risk is amplified and consequently (i) market depth decreases, (ii) prices adjust
faster following news arrival and (iii) the number of limit order cancellations in the price

formation process decreases relative to the number of limit order executions.
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A  Proofs

A comprehensive version of the propositions’ proofs can be found in the Online Appendix.
The Online Appendix also sets out a fundamental lemma which proves that if a strategy
cannot be improved with a one-shot deviation then there is no profitable deviation at all.
A one-shot deviation from a strategy is a strategy that deviates at the first (upcoming)

monitoring time and then follows the initial strategy in the future.

A.1 Proof of proposition

In the state ¢ = 0 when the limit order book is in the steady state, the value functions are

e for type ho, V}?O = V,?O_ out With
(r 9+ 1Vl ou = V0 + Vil + EVi s (0) + SVi 000(0)
e for type lo, the value function of sending limit orders at A° is
(r+ 0+ MmN V_ao = v0=0+pViy 0 (Vir+- AV AmaN (Vi BO+E V1o (0)+5 Ve 4a(0)

Moreover such an investor is indifference between limit and market orders, hence Vgg_ 40 =

V0 + BY, which allows to define V2 by
(r+ 9+ Bho + 1)Vid = v0 = 6+ pVily + [0 (Vi + A%) + EVi_0(0) + S Vil 0)
e for type In, VZQL = Vl?%out with
(r+ P+ Vi out = PV + SV 0a(0) + £V, (0)
In—out PVhn 9 In—out In—out

e for type hn, similarly to type lo

1 p
(T’ +p+ ZOBO + M)Vhon = p‘/l(T)L + ZOBO (Vf?o - BO) + Evhn—BO (0) + §Vhdn—B0 (O)
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To have indifference for lo and hn types the execution rates of limit orders must be equal to

[UO - TAO - pA +5 (Vho out(O) AO - V}?n—BO (O)) g(Vho out(o) AO - foln—BO (0))]

L (Vi ur(0) + B = Vit 40(0)) + £Vt 00 0) + B® = Vid_10(0))]

B>~

0
lBOZ

% = [T’BO — pA — (vg —0) +

> \

(vo — é) — %, A0 =1 (v — 7) + , it is possible to

Proposition |5| ensures that, for B? = 3

1
find a (unique) couple (a®,1%) such that I = 1%, = %, which a function of a and the relation

& _p(4a0 _1)'

In the Online Appendix (section E.) we check and provide the other conditions under which it

is not profitable to deviate from the strategy described in proposition

A.2 Proof of proposition

The steady state is defined by the system

1 1.0 0\ (L 3
001 1| |Lm| |3
1 01 0f | L 3
010 1) \Lp 3
First we can check that Ly, = %, Ly, =0, L, =0, L, = 5 is a particular solution of this system.

Hence, the general space of solutions of this system is equal to

1 1
1 1100 1 -1
0 0 01 1 0 1
+ ker = + Vect
0 1 010 0 1
1 1
! 0101 ! \-1/
It proves that there is an o € R such that
Ln, 1 1
Lhn 0 1
= + a X
Ly, 0 1
L, i —1
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A.3 Proof of proposition

To calculate f(a), which is the valuel’ that makes investors indifferent between limit and market

orders we need to calculate

V;Zfout(o) + AO - ‘/ZZ—AO (0) - folo out(O) - BO - Vhdn Bo (O)

/ D frt

’I”]/ h(t) (r+p+)\)tdt
2°Jo

‘/lgz—out(o) + BO - VEg—AO (0) = szlo—out(o) - AO - thn—BO (0)
_ w—l—g—r% (>‘+p)%_pAe—(r+p+)\)T

=—[w—

5
2"
0
= -3

r+p+A r+p+A
with D(t) given in proposition [8| and h(t) = (16—[)(79:)—;7):‘. =1- %% =1+ — ie()“*'p)t and
T= ln(pliia) noting that h(T") = 0.
o= (r+2pA
o)==
1 s A (T
— | -A—(w—=+r= h(t)e PNt g
+2AM[ (w 2+r2)/0 (t)e
N 1w+ $—r3  (A+p)¥ - pAef(r+p+)\)T
oAk r+p+A r+p+A
The derivative of fo e~ (rtet Mt with respect to a is
oT T oh T oh
h —(r+p+N)T Tt —(7‘+p+)\)tdt _ —(r+p+/\)tdt 0
55 Me +08a()€ Oaa() >
then
of
== <0
Oa <

We now want to show that equation f(a’) = g(a”) has a unique solution on [0,1/4]. This is

equivalent to solving the equation

G(a”) = a® x (2f(a%) +20) = £

Analysis of function G (detailed version in the Online Appendix Section E.3). Let us prove
that G(a) — 4§ has a unique zero on [0, 1/4].
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The second derivative of G is the second derivative of

H(a):_ﬁp—l-)\W—g—l—r% 1 nA+p)¥ —pA o
A r 2r+p+A) (1420)7% A TP+ (142a)a ]
ptA d—rA —pA 1 L ()\+p)%*pA 1

I _H
A 2r+p+A) (142a0)77 A 2(r+p+X) (14 2a)5 !

The second derivative of H is
0’H o 1
da?  A2(r+p+ )

1
2(r+p+A)

A" < r +1> [p—l—)\é—rA_pA]l
prEA\p+A r 2 (1+ 2a) 73 T2

4< ! +1)( - +2> [)\+pw—pA}1
p+A p+A r (1+ 2a)7x 3

D=

The sign of %27151 is the sign of

r p+Ad—rA A+p
- oAl x (142a)— [ —— AP,
S(a) p—i—)\[ . 5 pA| x (14 2a) Py )\+2 o pA

Since w > %2 and 0 < o < 1/4 < 1, we have

S(a) < [)\—:pw—pA]x[pi)\x(1+2a)—<H+2>} {Ww—pA}x(Qp:_/\—2> <0

On [0,1/4], 5 o0 H < 0 then on [0,1/4] 2 —a is either always positive, always negative, or positive and

then negatlve. G can at most cross the p/2 horizontal line on [0, 1/4] twice. And if G(1/4) > £ this

means that it is crossed only once.

p+Hrw—3+r2 A 5 — 1A

— _l’_i
r 2r+p+A) 4 Alr+p+A)

G/~ £ = i (6 — (r +20)A] +
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First § — (r + 2p)A > 0. Moreover 1 > L > % Then

A
p 1 3 (r+p+ANA  0-rA
1/4) P -
G1/4) 2>(r+p—|—/\)A r 2 4 T
N p PRAIR — pA (A +p)2 —pA
(r+p+NA 3 3

then

(r+p+AA p 1p+A ) Ip+X 1 1p+X 1
VP2 (Gija) - L - O AR TP/ NV (e — =

. (G(/) 2)>w><6r +2>< - +2 +7rA X 6y 5 >0

Because G(0) = 0 there is unique a2, € [0,1/4] such that G(a2,) = §. Moreover %(ao ) > 0.

A.4 Proof of proposition [6]

type ho. An investor of ho type keeps his/her asset until he/she switches to the lo type.
(r+p)Vho = pVio + v
type [n. An investor of In type does not sen any order until he/she switches to the hn type.
(r+p)Vin = p" Vi

type hn. An investor of hn type sends a buy market order with probability m 4 or a buy limit
order with probability 1 — m4 . At time t, the outflow of the bid side due to market orders is
mp(ALj, + pLp,).dt, then the probability for a limit order to be executed at t is Ig.dt with

mp(ALo + pLpo)
Lhn

lp =

When such an investor sends a market order or limit order, they obtain respectively, in term of

value function

Vim = Vho — A

or

(r+p+1I+maX)Vin = pVip + mar(Vio — A) +13(Vio — B)
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In both case V},,, must coincide, hence

(r+ p+15) (Vio — A) = pVin + 15(Vho — B)

type lo. An investor of hn type sends a sell market order with probability mp or a sell limit
order with probability 1 — mp. For the same reason as for type hn, at time ¢, the outflow of the
ask side due to market order is ma(ALp, + pt Ly,).dt, then the probability for a limit order to be

executed at t is [4.dt with
mA(ALpy + p" Lip)
Llo

la=

As in the previous case, the value function verifies

Wo:Wn+B

and

(T+p+ lA "’mB)‘)‘/lo =V - 5+PVho +mB)‘(V2n =+ B) + lA(Wn + A)

leading to
(r+p+1a)(Vin+ B) =v =56+ pVho +1la(Vin + A)

First, by replacing Vj,, by Vi, — A and V}, by V},, + B this is easy to obtain that

(T+p)vho _p‘/ln = U+pB

(T + p) in — pVho = _pA

and then to get the expression of V},, and V},.
Replacing Vj,, by Vi, — B and Vj,, by V3, + A in the equation of indifference between market and

limit orders we obtain

(r+p+18)(Vio — A) = p(Vio — B) + 1p(Vho — B)
(T-i—p-i—lA)(Vln-i-B) =0 —(5+p(th+A) -i-lA(Vm-FA)

which gives

v+ pB—(r+pA=I1p(A— B)
—pA+(r+p)B—(v—20)=14(A—B)
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l4 and g must be positive numbers. Hence
v+pB—(r+pA=v—pA—-rA>0

and

—pA+(r+p)B—(v—08)=rB—(v—14) —pA

A.5 Proof of proposition

When ¢ = u. During the transition phase the observed types under the conjecture strategy are
lo— A" (lo with a limit order at price A%), lo — A°, ho — out, In — out, hn — BY and hn — B?. But
hn — B® and hn — B? can be grouped under the label hn — out because their limit orders are not
executed under the conjecture strategy so they would get the same outcome if they were out of the
order book. In this framework we can define the system of ODE’s defining the value function of

these types:

e [0 — A" stay in the limit order book until they switch of type

Vi

(r+p)Vig_au(t) =v" =0+ ot

+ pvhzi)—out (t)

with V% ,.(T") = V;“_ 4. which is the value for a lo of having a limit order at price A* once

the last dynamic equilibrium is played (the optimal strategy in the last phase).

e ho — out stay out until they switch of type

ovye B _
(4 IVimua(0) = 0% o =52 0 Vi au (0 Vioua(T) = Vioout
e [n — out send a buy market order and immediately behave as their new type: they send a sell
limit order and become lo — A"
a u

(r+p+ ) Vin—ou(t) = %""p(vfx)—out(w_AO)"’_)‘(V?OL—AU () =A%), Vi out(T) = Vi _out

e hn — out send a buy market order and immediately behave as their new type

u
o 8‘/hn—out

(T +p+ A)‘/#Lfout(t) - ot =+ P(WZ)LAu (t) - AO) + )‘(Vlgofout(t) - AO)

47



with (r+p+MVe (1) =(r+p+ V¥ . =pVe . +AVY 5. because as soon as this
type contact the market being hn — B" is optimal after 7.

e [0 — AY cancel their limit order or are executed

U

oV
(r+ptA+hao () Vi _po(£) = 0" =0t — 240Vl (DHAVEE g ()00 (8) (Vi o (1) +4°)

with V“_ ,.(T) = V;*_, .. + A® and the intensity rate for the execution of the limit order

A+ p) L5, @) + A+ p) L, (1)
Do(t)

Dh
—(p+N) = 5

Faolt) = D, (1)

Now we must check that there is no profitable one-shot deviation for an investor of type lo.

e Instead of staying at A" a type lo could send a sell market order at price B® and get Ve )+
BO. This is clearly not profitable given what has been said for type in

e Another deviation could be to send a limit order at A°. The corresponding value function is

Vit 4o(t) Calling X (t) = Viu_ 4u(t) — V% ,0(t) we obtain the ODE

0X

o T Ra Vo a0 (t) = Vin_ou(t) — A?)

(r+p+XA+kyp(t)X(t) =
The solution of this ODE is as before

t
X () = elortertkao()ds (o _ / ko (8) (Vi pu(£) = Vi o (£) — A%)e™ Jo ot thao )il gg)
0

Then X (¢) x eJo r+p+A+k0(9))ds 5 decreasing and X (T) = Ve u— A=V = Bu—AY > 0.

In—out

X (t) is positive over [0, 7. This deviation is not profitable.

e A lotype could send a limit order at any price A < A < A" The corresponding value function

would be defined by

ov
(r+p+XNV(E) = 0" =0+ ==+ pVigou(t) + AVig_au(t)

ot
VY.
+ (4o A Viga(t) - — 25

T ot

that would give
Vi 4u(t) = V(t) = C x elrHrNt
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and this order would be executed at T, then V* ,.(T) - V(T) = V" 4. —A-V* . =
B* — A > 0. The deviation is not profitable.

e Lastly a lo type could stay out. The corresponding value function would be define by

ov
(r+ P+ V(1) = 0" = 6+ S+ Vi 8) + AVis gt
Wiy

oV )
T (r+p+MNVig_au(t) — o

that would again gives
VY 4u(t) = V(t) = O x et
And at T’ VZZ—A“ (T) - V(T) = ‘_/IZL—A“ - ‘7lg—out > 0.

The proofs for other types and for the case ( = d are similar and provided in the

Online Appendix Section D.

A.6 Proof of proposition

At t = 7, we must have,

D%OZL?OZOP? DOBOZL?zn:ao

When ¢ = u, for ¢t > 7, the dynamics of market depth at price A? are driven by the fact that
investors of lo type, with limit orders at A°, cancel their limit orders or are executed by market
orders that are sent by hn and In, which gives

aDY,
ot

= —(A+p)Do(t) = A+ p)Lipy () = (A + p) Ly, (2)

since LY (t) + LY, (t) = £, it is equivalent to

aDY,

5t (A+p)

=~ D0~

The solution of this ODE is,

1 1
Dijo(t) = D(t) = —5 + <a0 + 2) o~ (PN (t=7)

The transition phases ends at 7"+ 7 such that D(T' + 7) = 0, that is,

1
T = In(1 + 2a°
p+)\n(+a)
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When ¢ = d, the proof is similar.

A.7 Proof of proposition [9

The dynamics of the limit order book depths are given by the first order differential equations,

d% = pLio(t) = pDa(t) = 1aDa(t) = lpDp(t) + MLio(t) — Da(t))
dDB
— = PLin(t) = pDp(t) = 1D (t) — LaDa(t) + X(Lun(t) = Di(t))

To obtain the differential equation that drives the dynamic of «, we use the differential equation

for D4 (t) and the equalities D (t) = Ljo(t) — (L;o(0) — D 4(0))e~(PTN We obtain

dL,(t)

L (0 N (Lio(0) = Da(0)e™ "V = pLig(t) = (p -+ La)(Lio(t) = (Lio(0) = Da(0))e™ )

— 15(Ln(t) = (Lpn(0) — Dp(0))e~ @+
+ A(Lio(0) — D 4(0))e~ (PN

which gives

= pLpo(t)—(p+1a)Lio(t) =15 Lpn () =14 (L1o(0) =D (0))e ™ PTN i 5(Lp, (0)—Dp(0))e~ PV

and then use the fact that Lpo(t) = 3 — a(t), Lun(t) = alt), Li(t) = a(t). to get the final

differential equation

d
d—? = g — 2p+ 14+ Ipla(t) + lakae” MO 4 gk e TP

To obtain the general solution to this ODE, we look for the functional form a(t) = c(t)e~(2Hatin)t,

Then

67(2p+lA+lB)t% _ g b Lo OOt 4 [ e Ovto)t
and then
—[A=(pHa+ip)lt _ 1
c(t) = e(0) + ——L— x (eCrHaHE 1) 1, E

dp+ 204 + 2Ip
e—A—(pHiatip)lt _q

—1
BBl + 1)

A=(p+la+lip)
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Hence

a(t) = aeg + ((0) — req)ePPHATIB)

1 — e~ P=(ptlatip)lt oottt L
A=(p+1la+lip) A=(p+1la+lip)

—[A— La+iB)|t
1 — e Pptlatin) o~ oA+t

4+ laka

Now we check that 0 < a(t) < 1/2. First we can see that obviously «(t) > 0. Since « is converging

it can have extrema. Given the ODE that defines «, these extrema must verify

20+ 14+ IB]a(t) = g +larae” AP 4 prge MRt

This gives

20+ 14+ Igla(t) < £+ 140(0)e= AP 4 1o (0)e= O H0)

D

we can rewrite it as

20 +1a +1gla(t) < 5 + (la +1p)a(0)

N D

Hence if «(0) < 1/4 then a(t) < 1/4.

A.8 Proof of proposition

We know that g—g(agq) > 0. Since we know that when p is big then agq is close to zero, we must

show that ?T()% around o = 0.

) A
pp+iw—5+r3 ) I 6—1A
Gla) = — — - — | -A4+ —F
(a) A 7 2(r+p+)\)+ax A T+A +7“+p+)\

_pptAw—5+r3 L w(A+p)F —pA a
A 2(r4p+AN) (1+2a)77 A THpEXN (14 2a)F

Then for o — 0

) A
pp+Aw—5+r3
Gla) ~ —

(@) A r 2(r+p+)\)x

{5 i 5—7"A}
taXS =Tt

r
1-14+4 ——2«
p+A ]

A Ar+p+A
g(AJrP)%—pAQ
A r+p+A

which gives

o1



B>
D=

(5—(r+2p)A}
2(r+p+A)

which is decreasing with respect to A.

For the last two derivatives this is sufficient to show that whatever the factor of p or w in the

function G, it is positive. For u:

1

pptAw—§+rg
(1+ 20) 7

A r 2(r+p+2)

A £ —pA
pax ] AP —p 1
A rtpt+A (14 2a)eatt

We can see clearly that this also works for w.

A.9 Proof of corollary

The amount of cancellation is given by

/OT(p+)\)D(t)dt - /OT(er)\) [; . (Oéo+ ;) e—mw} dt

1 1
=5+ T+ <a0 + 2) (1 — e~ (P IT

1 1 1
= —iln(l +2a°%) + (ao + 2) <1

1420

—A—i—ﬂ .
r+p+A

)

The second part of the corollary comes from the the fact that In(1 + x)/z is increasing.
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