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Devwudfw

Lq wklv vwxg| zh frpsduh wkh txdolw| dqg lqirupdwlrq frqwhqw ri ulvn qhxwudo ghqvlwlhv
rewdlqhg e| ydulrxv phwkrgv1 Zh frqvlghu d qrq0vwuxfwxudo phwkrg edvhg rq d pl{wxuh ri
orj0qrupdo ghqvlwlhv/ wkh vhpl0qrqsdudphwulf rqhv edvhg rq dq Khuplwh dssur{lpdwlrq ri
Denhq/ Pdgdq/ Ploqh/ dqg Udpdpxuwlh/ ru edvhg rq dq Hgjhzruwk h{sdqvlrq ri Mduurz dqg
Uxgg1 Zh dovr frqvlghu wkh vwuxfwxudo dssurdfkhv ri Pdo} uhvshfwlyho| Khvwrq zkr dvvxph
d mxps0gl�xvlrq ru d vwrfkdvwlf yrodwlolw| prgho iru wkh xqghuo|lqj surfhvv1

Zh dsso| wkrvh prghov rq II2GP RWF h{fkdqjh udwh rswlrqv iru ydulrxv gdwhv udqjlqj
ehwzhhq Pd| 4<<9 dqg Mxqh 4<<: fryhulqj wkh 4<<: vqds hohfwlrq1

Prghov gl�hu zkhq lpsruwdqw qhzv klw wkh pdunhw +khuh dqwlflsdwhg hohfwlrqv,1 Wkh qrq0
vwuxfwxudo prgho surylghv d jrrg �w wr rswlrqv sulfhv exw lv xqdeoh wr surylgh dv pxfk lqiru0
pdwlrq derxw pdunhw sduwlflsdqwv h{shfwdwlrqv wkdq Pdo}*v mxps0gl�xvlrq prgho1 Phwkrgv
edvhg rq sro|qrpldo h{sdqvlrqv kdyh gl�fxowlhv wr ghvfuleh wkh h{fkdqjh udwh gdwd dw kdqg1
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WWkh dxwkruv duh uhvshfwlyho| iurp wkh Edqtxh gh Iudqfh dqg wkh KHF 0 Vfkrro ri Pdqdjhphqw1
Sohdvh iruzdug frpphqwv wr wkh vhfrqg dxwkru dw Ghsduwphqw ri Ilqdqfh/ :;684 Mrx|0hq0Mrvdv/ Iudqfh/
UrfnlqjhuCKHF1IU1 Wkh vhfrqg dxwkru dfnqrzohgjhv khos iurp wkh KHF Irxqgdwlrq dqg wkh Hxurshdq
Frppxqlw| WPU Judqw= _Ilqdqfldo Pdunhw H�flhqf| dqg Hfrqrplf H�flhqf|%1 Zh duh judwhixo
wr Nhylq Fkdqj/ Ehuqdug Gxpdv/ Fkulvwldq Jrxulhurx{/ dqg Sdxo V�rghuolqg iru suhflrxv frpphqwv1
Vshfldo wkdqnv wr Doodq Pdo} iru klv khos dqg frpphqwv1 Zh kdyh dovr ehqh�whg iurp wkh frpphqwv ri
sduwlflsdqwv dw suhvhqwdwlrqv dw FUHVW/ wkh Qdwlrqdo Xqlyhuvlw| Vlqjdsruh/ dqg wkh 4<<; Iruhfdvwlqj
Ilqdqfldo Pdunhwv frqihuhqfh lq Orqgrq1 Wkh xvxdo glvfodlphu dssolhv1 Wkh Edqtxh gh Iudqfh grhv qrw
qhfhvvdulo| hqgruvh wkh ylhzv h{suhvvhg lq wklv sdshu1
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Pxfk ri wkh olwhudwxuh iroorzlqj wkh vhplqdo zrun rq rswlrq sulflqj e| Eodfn0Vfkrohv +4<:6,

dqg Phuwrq +4<:6, dvvxphg wkdw wkh dvvhw xqghuo|lqj dq rswlrq iroorzv d orj0qrupdo gl�xvlrq

surfhvv1 Hpslulfdo vwxglhv ri rswlrq yrodwlolw|/ vxfk dv Uxelqvwhlq*v +4<<7, suhvlghqwldo dgguhvv/

kdyh vkrzq wkdw h{fkdqjh udwh rswlrqv rxw ru lq wkh prqh| duh dvvrfldwhg zlwk d gl�huhqw ohyho

ri yrodwlolw| wkdq dw wkh prqh| rswlrqv/ d ihdwxuh fdoohg wkh rswlrqv vploh1 Wklv �qglqj lv lq

frqwudglfwlrq zlwk wkh dvvxpswlrq ri d orj0qrupdo glvwulexwlrq iru wkh xqghuo|lqj dvvhw dqg

vkrzv wkdw wr fruuhfwo| sulfh rswlrqv pruh jhqhudo prghov duh uhtxluhg1

Ydulrxv phwkrgv kdyh ehhq vxjjhvwhg wr h{wudfw rxw ri rswlrqv* sulfhv wkh xqghuo|lqj ulvn

qhxwudo ghqvlw| +UQG,1 Wklv ghqvlw| lv uhodwhg wr pdunhw sduwlflsdqwv* h{shfwdwlrqv ri wkh ixwxuh

sulfh surfhvv lq d ulvn qhxwudo hqylurqphqw1 Dv vkrzq e| Edkud +4<<9, dqg Fdpsd/ Fkdqj/

dqg Uhlghu +4<<:,/ rqfh vxfk d ghqvlw| lv rewdlqhg lw lv srvvleoh wr frpsxwh prphqwv dv zhoo

dv frq�ghqfh lqwhuydov1 Dv vxfk/ wkh UQG sod|v dq lpsruwdqw uroh dv d wrro wr hydoxdwh wkh

fuhglelolw| ri wkh Fhqwudo Edqn1 UQGv duh dovr lpsruwdqw iru dq lqyhvwru/ iru lqvwdqfh lq Ulvn

Pdqdjhphqw/ zkr qhhgv wr txdqwli| lq whupv ri suredelolw| krz d pdunhw pd| hyroyh lq wkh

ixwxuh1 UQGv fdq dovr eh xvhg wr sulfh h{rwlf rswlrqv1

Wkh frqwulexwlrq ri wklv vwxg| lv wkh frpsdulvrq ri wkh dgydqwdjhv dqg lqfrqyhqlhqfhv ri

ydulrxv phwkrgv zklfk h{wudfw ulvn qhxwudo ghqvlwlhv dssolhg wr II2GP Hxurshdq w|sh h{fkdqjh

udwh rswlrqv1 Zh zhuh deoh wr rewdlq d wlph vhulhv ri revhuydwlrqv ri RWF rswlrq fryhulqj 53

gdwhv udqjlqj ehwzhhq Pd| 4<<9 dqg Mxqh 4<<: fryhulqj wkh 4<<: vqds hohfwlrq1 Iru hdfk gd|

zh glvsrvh ri d vhw ri pdwxulwlhv xs wr rqh |hdu1 Iluvw/ zh glvfxvv wkh lpsohphqwdwlrq ri wkh

ydulrxv phwkrgv lq d furvv vhfwlrqdo iudphzrun e| irfxvlqj rq mxvw wzr gdwhv= Pd| 4:wk 4<<9/

d udqgrpo| fkrvhq gd| zkhq wkh h{fkdqjh udwh pdunhwv uhvxowhg wr eh fdop/ dqg rq Dsulo 58wk

4<<:/ d ihz gd|v diwhu wkh Iuhqfk Suhvlghqw Fkludf dqqrxqfhg glvvroxwlrq ri wkh sduoldphqw

zklfk lpsolhg qdwlrq0zlgh hohfwlrqv1 HULF= Sohdvh/ vd| pruh derxw hyhqwv rffxuulqj lq

d wlph vhulhv vhw0xs1 Vhfrqg/ zh uxq doo phwkrgv lq d wlph vhulhv frqwh{w zklfk doorzv xv

wr ixuwkhu uhwdlq d vdwlvi|lqj prgho iru wkh h{fkdqjh udwh gdwd dw kdqg1 Wkh glvfxvvlrq ri wkh

phvvdjh frqwdlqhg lq d wlph vhulhv ri frq�ghqfh lqwhuydov rewdlqhg iurp UQGv looxvwudwhv wkh

4



xvhixoqhvv ri wklv w|sh ri uhvhdufk1

Zh �uvw surylgh d ghvfulswlrq ri d odujh qxpehu ri phwkrgv zklfk doorz frqvwuxfwlrq ri

d UQG1 D �uvw phwkrg edvhg rq dssur{lpdwlqj wkh UQG zlwk d pl{wxuh ri ghqvlwlhv/ zklfk

frxog eh fdoohg qrq0vwuxfwxudo/ lv dgyrfdwhg e| Edkud +4<<9,/ Fdpsd/ Fkdqj/ dqg Uhlghu +4<<:,1

Pholfn dqg Wkrpdv +4<<:, lqglfdwh lq dgglwlrq krz wr sulfh Dphulfdq rswlrqv1 Lq d vwxg| e|

V�rghuolqg dqg Vyhqvvrq +4<<:, lw lv vkrzq krz wklv pl{wxuh ri ghqvlwlhv phwkrg fdq eh dssolhg

wr ydulrxv �qdqfldo dvvhwv dvnlqj zkdw fdq eh ohduqw iurp wkh srlqw ri ylhz ri d srolf| pdnhu1

Zh dovr frqvlghu dq dssurdfk edvhg rq wkh zrun ri Mduurz dqg Uxgg +4<;5, zkr ghyhorshg

d phwkrg iru rswlrq sulflqj xqghu wkh dvvxpswlrq wkdw wkh xqghuo|lqj dvvhw lv qrw orj0qrupdoo|

glvwulexwhg1 Wkh| vkrz krz wkh UQG fdq eh rewdlqhg dv dq Hgjhzruwk h{sdqvlrq durxqg

d orj0qrupdo ghqvlw|1 Zh frqvlghu wklv dssurdfk wr eh ri vhpl0qrqsdudphwulf qdwxuh1 Wkhlu

dssurdfk kdv ehhq lpsohphqwhg e| Fruudgr dqg Vx +4<<9, zkr vkrz wkdw zlwk wklv phwkrg

rswlrqv fdq eh ehwwhu sulfhg1

Lq d vlplodu vslulw Pdgdq dqg Ploqh +4<<6, ghvfuleh wkh xqghuo|lqj UQG zlwk dq Khuplwh

sro|qrpldo dssur{lpdwlrq1 Denhq/ Pdgdq/ dqg Udpdpxuwlh +4<<9, surylgh dq dssolfdwlrq dqg

vkrz krz kljkhu prphqwv ri wkh xqghuo|lqj dvvhw duh shufhlyhg wr ydu| wkurxjk wlph1

Edwhv +4<<9, ru Pdo} +4<<9, jr rqh vwhs ixuwkhu dqg frqvlghu d vwuxfwxudo prgho e| dvvxplqj

wkdw wkh xqghuo|lqj surfhvv iroorzv d mxps0gl�xvlrq/ uhvshfwlyho| lwv Ehuqrxool yhuvlrq1 Wkxv/

wkh| dvvxph d ixoo vshfl�fdwlrq iru wkh xqghuo|lqj sulfh surfhvv1 Wkh UQG rewdlqhg lq wkhlu

prgho ghshqgv rq vrph sdudphwhuv zklfk fdq eh hvwlpdwhg iurp rswlrqv sulfhv1 Vxfk d prgho

1 Wkhlu zrun dlpv dw h{wudfwlqj lqirupdwlrq frqfhuqlqj pdunhw sduwlflsdqwv h{shfwdwlrqv rxw

ri rswlrqv sulfhv1

Ixuwkhu vwuxfwxudo prghov lq zklfk wkh sulfh surfhvv ri wkh xqghuo|lqj dvvhw lv ixoo| vshfl�hg

duh prghov ri vwrfkdvwlf yrodwlolw|1 Kxoo dqg Zklwh +4<;:,/ Fkhvqh| dqg Vfrww +4<;<,/ Pholqr

dqg Wxuqexoo +4<<3,/ Edoo dqg Urpd +4<<7,/ dvvxph wkdw yrodwlolw| iroorzv d gl�xvlrq1 Wr pdnh

wkhlu prgho wudfwdeoh wkh| kdyh wr pdnh vlpsoli|lqj dvvxpswlrqv frqfhuqlqj wkh fruuhodwlrq

ehwzhhq yrodwlolw| dqg wkh xqghuo|lqj dvvhw*v uhwxuq1 Khvwrq +4<<6, e| dvvxplqj d gl�huhqw

surfhvv iru yrodwlolw| dqg e| xvlqj d gl�huhqw qxphulfdo dssurdfk surylghv dq doprvw forvhg
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irup vroxwlrq iru rswlrq sulfhv iru d pruh jhqhudo vwrfkdvwlf yrodwlolw| hqylurqphqw1

Wkh dlp ri wkrvh vwxglhv lv wr surylgh d sulflqj wrro1 Euhhghq dqg Olw}hqehujhu +4<:;,

revhuyh wkdw vhfrqg ghulydwlyhv ri rswlrqv* sulfh zlwk uhvshfw wr wkh vwulnh sulfh |lhogv wkh UQG1

Wklv revhuydwlrq pdnhv lw srvvleoh wr ghulyh iurp dq| rswlrq sulflqj prgho wkh xqghuo|lqj

UQG1 Vlplodu zrun lv e| Jhvvhu dqg Srqfhw +4<<:, zkr h{klelw dq lqwhuhvwlqj whup vwuxfwxuh

ri yrodwlolw| dqg frpsduh wkh dfwxdo whup vwuxfwxuh zlwk wkh rqhv jhqhudwhg e| Kxoo dqg Zklwh

dv zhoo dv e| Khvwrq1 Edorx= zkdw h{dfwo| gr wkh| gr

Vhyhudo rwkhu dssurdfkhv wr rewdlq d UQG duh srvvleoh1 D��w0Vdkdold dqg Or +4<<8, surylgh

d qrq0sdudphwulf phwkrg edvhg rq wlph vhulhv dqdo|vlv dqg nhuqho hvwlpdwhv1 Vwxw}hu +4<<9,

vxjjhvwv d pxowlvwhs surfhgxuh zkhuh wkh lqlwldo vwhs dovr lqyroyhv klvwrulfdo sulfhv ri wkh xqghu0

o|lqj dvvhw1 Uxelqvwhlq +4<<7, dqg Mdfnzhuwk dqg Uxelqvwhlq +4<<9, vxjjhvw d phwkrg edvhg

rq elqrpldo wuhhv1 Zh uhvwulfw rxuvhoyhv wr prghov zklfk gr qrw lqyroyh wuhhv dqg zkhuh qr

klvwru| ri wkh xqghuo|lqj dvvhw lv uhtxluhg1

Xqolnh vrph ri wkh olwhudwxuh zklfk kdv dgguhvvhg wkh txhvwlrq krz wr sulfh rswlrqv xqghu

qrq frqvwdqw yrodwlolw| +h1j1 Ghupdq dqg Ndql +4<<7,/ Gxpdv/ Iohplqj/ dqg Zkdoh| +4<<9,/

Gxsluh +4<<7,/ Vklpnr +4<<6,/ dv zhoo dv Vwhlq dqg Vwhlq +4<<4,, zh dgguhvv wkh txhvwlrq zkdw

lv wkh lqirupdwlrq frqwhqw lq rswlrqv ri ydulrxv pdwxulwlhv1

Lq vhfwlrq 5 zh uhylhz ydulrxv qrq0vwuxfwxudo/ vhpl0sdudphwulf/ dqg vwuxfwxudo phwkrgv1 Lq

vhfwlrq 6 zh lqwurgxfh wkh gdwd1 Vhfwlrq 7 frqwdlqv d furvv vhfwlrqdo frpsdulvrq ri wkh phwkrgv

zlwk d glvfxvvlrq ri wkh sdudphwhuv rewdlqhg iru rxu vwuxfwxudo prghov dqg d frpsdulvrq ri

kljkhu prphqwv dqg frq�ghqfh lqwhuydov1 Lq vhfwlrq 8 zh wxuq wr wkh wlph vhulhv frpsdulvrq1

Vhfwlrq 9 frqfoxghv1 Hvwlpdwlrq lvvxhv duh uhohjdwhg wr dq dsshqgl{1

2 +iUL�ih�?} +�#t

Wkh iroorzlqj vhfwlrq rxwolqhv qrwdwlrqv dqg wkh jhqhudo sdudgljp zlwklq zklfk zh hydoxdwh

UQGv1 Vhyhudo ri wkh phwkrgv ghvfulehg ehorz frxog eh dgdswhg wr lqvwdqfhv zhuh wkh xqghu0

o|lqj dvvhw lv qrw dq h{fkdqjh udwh1 Vxfk lqvwdqfhv lqfoxgh Eodfn*v +4<:9, prgho iru rswlrqv rq

ixwxuhv1
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Ohw V| eh wkh sulfh dw w ri d xqlw ri iruhljq fxuuhqf| lq orfdo prqh|1� Dq Hxurshdq fdoo

rswlrq zulwwhq rq V| jlyhv lwv rzqhu wkh uljkw wr ex| wkh xqghuo|lqj dvvhw iru wkh h{huflvh +dovr

fdoohg vwulnh, sulfh N dw wkh h{sludwlrq +ru pdwxulw|, gdwh � 1 Vlqfh d udwlrqdo lqyhvwru zloo rqo|

h{huflvh klv uljkw li kh uhdol}hv d sur�w/ wkh sd|r� iru d fdoo lv pd{+V� �N> 3,1

Dq Hxurshdq sxw rswlrq zulwwhq rq V| jlyhv klv rzqhu wkh uljkw wr vhoo wkh xqghuo|lqj dvvhw

iru wkh h{huflvh sulfh N dw wkh h{sludwlrq gdwh � 1 Wkh sd|r� iru d sxw lv pd{+N � V� > 3,1 Iru

Hxurshdq rswlrqv h{huflvh ehiruh � lv qrw srvvleoh1

Xqghu wkh dvvxpswlrq wkdw wkh pdunhw lv duelwudjh iuhh/ Kduulvrq dqg Solvnd +4<;4, vkrz

wkdw wkhuh h{lvwv vrph suredelolw| ghqvlw| iru wkh xqghuo|lqj sulfh surfhvv vr wkdw wkh fdoo dqg

sxw rswlrq sulfh fdq eh zulwwhq dv

F| @ h3oA
] n"

7�'g
+V� �N,d+V� > � >V|> wm�,gV� +4,

dqg S| @ h3oA
] 7�'g

f
+N � V�,d+V� > � >V|> wm�,gV� +5,

zkhuh � lv d yhfwru ri sdudphwhuv ghvfulelqj wkh UQG d+�, dqg zkhuh zh gh�qhg wkh wlph wr

h{sludwlrq dv W @ � � w12

2�� A�i Mi?U�4@h! U@ti Lu *L}�?Lh4@*�|)G B@h4@?�kL�*�@}i?

51414 Wkh prgho

Pxfk ri wkh hduo| uhvhdufk rq rswlrqv kdv dvvxphg d jlyhq sulfh surfhvv iru V|1 Iru lqvwdqfh

wkdw V| iroorzv d orj0qrupdo gl�xvlrq vxfk dv lq

gV| @ �V|gw. �V|gZ| +6,

zkhuh �> dqg � uhsuhvhqw uhvshfwlyho| wkh lqvwdqwdqhrxv phdq dqg yrodwlolw|1 Z| lv d Eurzqldq

prwlrq zlwk uhvshfw wr vrph suredelolw| phdvxuh S 1

�6Lh �?t|@?Ui uLh |�i #�%66 LT|�L?tc 7| ��** hiThiti?| |�i ?�4Mih Lu 66 ?iUitt@h) |L @U^��hi L?i �?�| Lu
#��

2�| |i |MLL! *i�i* |��t _ih��@|�L? U@? Mi uL�?_ �? #��i E�bHH� T� ��D�
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Xqghu vxfk dq dvvxpswlrq iru wkh xqghuo|lqj dvvhw/ lw fdq eh vkrzq wkdw lq d ulvn qhxwudo

zruog wkh surfhvv V| fdq eh zulwwhq dv=

gV| @ +u � uW,V|gw. �V|gZ
W

| > +7,

zkhuh Z W

| lv djdlq d Eurzqldq prwlrq zlwk uhvshfw wr T/ dq htxlydohqw pduwlqjdoh phdvxuh1

u dqg uW uhsuhvhqw wkh grphvwlf dqg iruhljq frqwlqxrxvo| frpsrxqghg ulvn iuhh lqwhuhvw udwhv1

Xqghu orj0qrupdolw| wkh UQG dvvrfldwhg zlwk wkh ixwxuh h{fkdqjh udwh fdq eh rewdlqhg e| wkh

idfw wkdw oq+V� , iroorzv d qrupdo zlwk phdq oq+V|,. +u� uW� 3=8 ��2,W dqg yduldqfh �2W= Wklv

uhvxow iroorzv iurp Lwr*v ohppd1� Wkxv/ wkh UQG lv

d+V�, @
4s
5�

4

�V�
h{s

;?
=�4

5

#
oq+V� ,� oq+V|,� +u � uW � �2@5,W

�
s
W

$2
<@
> = +8,

Iru wklv vlwxdwlrq fdoo dqg sxw rswlrqv fdq eh hydoxdwhg dv wuxqfdwhg h{shfwdwlrqv1 Jdupdq

dqg Nrkokdjhq +4<;6,/ iroorzlqj wkh phwkrgrorj| rxwolqhg e| Eodfn dqg Vfkrohv +4<:6,/ dqg

Phuwrq +4<:6, rewdlq wkdw

F+V|> W>N> �> u> u
W, @ h3o

WAV|�+g�,� h3oAN�+g2,> +9,

S +V|> W>N> �> u> u
W, @ �h3oWAV|^4� �+g�,`� h3oAN^4��+g2,`> +:,

g� @
oq+V|@N, . +u � uW . �

2�
2,W

�
s
W

> +;,

g2 @
oq+V|@N, . +u � uW � �

2�
2,W

�
s
W

= +<,

Dv d frqvhtxhqfh ri qrq0duelwudjh/ xqghu wkh ulvn qhxwudo suredelolw| wkh glvfrxqwhg h{shfwdwlrq

ri wkh ixwxuh sulfh pxvw eh htxdo wr wkh fxuhqw sulfh1 Wklv wudqvodwhv lqwr wkh iroorzlqj pduwlqjdoh

�6hL4 Ee� �i LM|@�? _ *?E7|� ' Eo 3 oW 3 �
2
j2�_| n j_`W

| @?_ �i?Ui *?E7�� ' *?E7|� n Eo 3 oW 3 �
2
j2�A n

jE` W

� 3` W

| �� 5�?Ui `
W

� 3` W

| �t _�t|h�M�|i_ @t @ ?Lh4@* h@?_L4 �@h�@M*i ��|� 4i@? f @?_ �@h�@?Ui A �i U@?
UL?U*�_i� ì hiU@** |�@| �u *?E7� ; � E>c j2� |�i? |�i _i?t�|) Lu 7 �t �EE*?E7� 3 >�*j�*Ej7� @?_ �|t _�t|h�M�|�L?
u�?U|�L? �t xEE*?E7� 3 >�*j�� W? |��t �Lh! � @?_ x hiThiti?| @*�@)t |�i _i?t�|) @?_ |�i U�4�*@|��i _i?t�|) Lu
|�i ?Lh4@* _�t|h�M�|�L?�
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uhvwulfwlrq=

V| @ h3Eo3o
W�A

] n"

f
V�d+V�,gV� +43,

51415 Wkh olqn ehwzhhq ghowdv dqg vwulnh sulfhv

RWF rswlrqv* txrwdwlrq lv qrw grqh lq whupv ri sulfhv iru d vhw ri h{huflvh sulfhv exw lq whupv

ri yrodwlolwlhv iru rswlrqv ri ydulrxv ghowdv1 Jlyhq yrodwlolw|/ wkh vsrw h{fkdqjh udwh/ wkh ydulrxv

lqwhuhvw udwhv/ dqg wlph wr pdwxulw|/ wkhuh h{lvwv dv zh lqglfdwh ehorz/ d rqh wr rqh uhodwlrq

ehwzhhq ghowdv dqg wkh vwulnh sulfh1

Wkh ghowd ri dq rswlrq lv gh�qhg dv wkh ghulydwlyh ri wkh sulfh zlwk uhvshfw wr wkh xqghuo|lqj

ydoxh1 Khqfh/ iru d fdoo/ uhvshfwlyho| iru d sxw/ zh kdyh

�� @
CF

CV|
+V|> W>N> �> u> uW, @ h3o

WA�+g�,

�� @
CS

CV|
+V|> W>N> �> u> uW, @ h3o

WA�+�g�,

zkhuh g� lv gh�qhg lq +<,1 Vlqfh � lv d vwulfwo| ghfuhdvlqj ixqfwlrq ri N/ iru hdfk � wkhuh

fruuhvsrqgv d xqltxh vwulnh sulfh zklfk fdq eh h{wudfwhg qxphulfdoo|1

Vlqfh Hxurshdq fdoov dqg sxwv duh uhodwhg wkurxjk wkh sxw0fdoo sdulw|/ li zh kdyh wkh N iru

d fdoo wkhq 4� � fruuhvsrqgv wr d sxw zlwk wkh vdph yrodwlolw| dqg wkh vdph N1 Lq rwkhu whupv/

udwkhu wkdq zrunlqj zlwk fdoov dqg sxwv zh irfxv rqo| rq fdoov1 Lq sudfwlfh rqo| lq wkh prqh|

fdoo dqg sxw rswlrqv duh txrwhg1 Wkh qrq0h{lvwhqfh ri fdoo dqg sxw rswlrqv zlwk d vdph vwulnh

lpsolhv wkdw zh fdqqrw edfn rxw ixuwkhu lqirupdwlrq vxfk dv dq lpsolhg vsrw h{fkdqjh udwh1

Rqfh wkh vwulnh sulfh N lv rewdlqhg lw lv srvvleoh wr lqyhuw wkh sulflqj irupxodv +:, wr +<, iru

hdfk rswlrq dqg wr rewdlq iru hdfk rqh d sulfh lq II1e

eWu Th�Uit �ihi ^�L|i_ �? ?�4ih@�hic |�i?c @t |�i �?_ih*)�?} @tti| U�@?}itc �| �L�*_ Mi ?iUitt@h) |L UL?|�?�L�t*)
�T_@|i |�i LT|�L?t Th�Ui� 6�h|�ihc �u LT|�L?t �ihi ^�L|i_ uLh @ }��i? ti| Lu i ihU�ti Th�Uitc @t |�i tTL| h@|i 4L�it
�| �L�*_ Mi ?iUitt@h) |L �?|hL_�Ui ?i� t|h�!i Th�Uit�
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2�2 � ?L?�t|h�U|�h@* @TThL@U�

Irfxvlqj rq +4,/ zh rewdlq e| dsso|lqj Ohleql}* uxoh/ dv lq Euhhghq dqg Olw}hqehujhu +4<:9,/

wkdw

C2F|

CN2
@ h3oA d+N> � >V|> wm�,= +44,

Wkxv/ d vlpsoh frpsxwdwlrq ri vhfrqg ghulydwlyhv jlyhv xv wkh dfwxdol}hg UQG1 Wklv vxjjhvwv d

�uvw phwkrg wr h{wudfw d UQG zkhuh wkh rqo| +|hw nh|, dvvxpswlrq wr eh pdgh lv wkdw wkhuh h{lvw

hqrxjk vwulnh sulfhv wr dssur{lpdwh qxphulfdoo| wkh ghqvlw| dqg zkhuh zh qhhg wkh dvvxpswlrq

ri duelwudjh iuhh pdunhwv1D

Krzhyhu/ qxphulfdo ghulydwlyhv duh nqrzq wr eh qxphulfdoo| xqvwdeoh/ dqg d pruh iuxlwixo

vwudwhj| lv wr dvvxph wkdw wkh UQG/ d+�,/ wdnhv fhuwdlq sduwlfxodu h{suhvvlrqv1 Vkhuuln/ Jdufld/

dqg Wludsdwwxu +4<<9, dvvxph iru d wkh Exuu LLL glvwulexwlrq dqg Dedglu dqg Urfnlqjhu +4<<:,

�w ghqvlwlhv ghulyhg iurp Nxpphu ixqfwlrqv1 Lq wklv zrun zh gr qrw sxuvxh wklv urdg exw iroorz

Edkud +4<<9,/ Pholfn dqg Wkrpdv +4<<:,/ dqg V�rghuolqg dqg Vyhqvvrq +4<<:, zkr ghvfuleh d

dv d pl{wxuh ri orj0qrupdo glvwulexwlrqv1

Ohw o+V� >��> ��, +O+V� >��> ��,, ghqrwh wkh orj0qrupdo ghqvlw| +dqg lwv dvvrfldwhg fgi, zlwk

sdudphwhuv �� dqg �� wkhq

F| @ h3oA
�[
�'�

��

] n"

7�'g
+V� �N,o+V� >��> ��,gV�

zloo ghvfuleh wkh rswlrq sulfh dv d pl{wxuh riP orj0qrupdo glvwulexwlrqv1 Wkh �� duh srvlwlyh dqg

vxp xs wr 41 Wklv irupxod fdq eh hydoxdwhg hdvlo| vlqfh wkh irupxod iru wuxqfdwhg h{shfwdwlrqv

DW| t�L�*_ Mi 4i?|�L?i_ |�@| @Eu� �t |�i �?_�tUL�?|i_ +�# L? ���U� �i uLU�t �? |��t t|�_) ��ihi@t e3oA@Eu�
hiThiti?|t @? �hhL��#iMhi� t|@|i Th�Ui� W? |�i *�|ih@|�hi |��t t|@|i Th�Ui }i|t tL4i|�4it hiuihhi_ |L @t |�i +�#�

:



ri orj0qrupdovS

] n"

7�
+V� �N,e+V� > �,gV� @ +H^V� mV� A N`�N,Su^V� mV� A N`

jlyhv xv d irupxod/ htxlydohqw/ iurp wkh srlqw ri ylhz qxphulfdo frpsoh{lw|/ wr wkh Jdupdq0

Nrkokdjhq irupxod=

F| @ h3oA
�[
�'�

�� h{s+�� .
4

5
�2� W ,

#%
4��

#
oq+N,� �� � �2� W

��
s
W

$&
�N

�
4� �

�
oq+N,� ��

��
s
W

��$
=

Lq dgglwlrq/ wkh pduwlqjdoh frqvwudlqw fdq eh lpsrvhg zlwk

V|h
Eo3oW�A @

�[
�'�

�� h{s+�� .
4

5
�2� W,=

2�� � ti4��?L?T@h@4i|h�U @TThL@U� �?�L*��?} ,_}i�Lh|� i T@?t�L?t

Lq wkh iroorzlqj vhfwlrq zh zdqw wr rxwolqh wkh phwkrg ghyhorshg e| Mduurz dqg Uxgg +4<;5,

iru zklfk d qxphulfdo dssolfdwlrq fdq eh irxqg lq Fruudgr dqg Vx +4<<9,1. Wkh lghd ri Mduurz

dqg Uxgg +4<;5, lv wr fdswxuh ghyldwlrqv iurp orj0qrupdolw| e| dq Hgjhzruwk h{sdqvlrq ri wkh

UQG d+V� > � >V|> wm�, lq +44, durxqg wkh orj0qrupdo ghqvlw|1H Wkh rewhqwlrq ri dq Hgjhzruwk

h{sdqvlrq lv frqfhswxdoo| vlplodu wr Wd|oru h{sdqvlrqv exw dssolhv wr ixqfwlrqv1 Lq d frqyhqwlrqdo

Wd|oru h{sdqvlrq vrph ixqfwlrq lv dssur{lpdwhg dw d jlyhq srlqw e| d vlpsohu sro|qrpldo1 Khuh/

wkh UQG lv dssur{lpdwhg e| dq h{sdqvlrq durxqg d orjqrupdo ghqvlw|1 D ixuwkhu gl�huhqfh lv

wkdw h{sdqvlrqv duh xvxdoo| pdgh wr rewdlq vlpsol�fdwlrqv zkhuhdv khuh wkh dssur{lpdwlrq/ e|

lqyroylqj sdudphwhuv zklfk fdq eh ydulhg/ doorzv xv wr jhqhudwh pruh frpsolfdwhg ixqfwlrqv1

Lq wkh qh{w vhfwlrq zh zloo suhvhqw dq dowhuqdwlyh dssurdfk jlyhq e| Pdgdq dqgPloqh +4<<7,1

SaL�?tL?c kL|3c @?_ �@*@!h�t�?@? E�bbe�c T�2e�� �?_�U@|i |�@| �u 7 ; � E>c j2� |�i?

,d7�7 : go ' i TE>n
�

2
j2�

�3xELf 3 j�

�3 xELf�
c��ihi Lf '

*?Eg� 3 >

j
�

.�i*L� �i @_@T| |�i�h �Lh! |L |�i Th�U�?} Lu ,�hLTi@? uLhi�}? i U�@?}i LT|�L?t�
H,_}i�Lh|� i T@?t�L?t @hi uhi^�i?|*) �ti_ �? t|@|�t|�U@* |�iLh) |L LM|@�? _�t|h�M�|�L?t ���U� _i��@|i uhL4 |�i

?Lh4@* L?i�
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Wkhuh lw lv dvvxphg wkdw wkh UQG fdq eh rewdlqhg dv d pxowlsolfdwlyh shuwxuedwlrq ri vrph

jlyhq ghqvlw|1 Wklv pxowlsolfdwlyh huuru doorzv iru d fhuwdlq frqwuro ri kljkhu prphqwv1 Dv

vkrzq ixuwkhu rq/ erwk phwkrgv fdq |lhog qxphulfdoo| vlplodu uhvxowv exw/ frqfhswxdoo|/ wkh|

duh gl�huhqw1

Iluvw zh zloo vnhwfk krz Hgjhzruwk h{sdqvlrqv fdq eh rewdlqhg1 Ohw D eh wkh fxpxodwlyh

glvwulexwlrq ixqfwlrq ri d udqgrp yduldeoh [ dqg d lwv ghqvlw|1 Gh�qh wkh fkdudfwhulvwlf ixqfwlrq

ri [ dv �+D> w, � U
h�%|d+{,g{1 Li prphqwv ri [ h{lvw xs wr rughu q wkhq wkhuh h{lvw fxpxodqwv

��+D, lpsolflwo| gh�qhg e| wkh h{sdqvlrq

oq+�+D> w,, @
?3�[
�'�

��+D,
+lw,�

m$
. r+w?3�,=

Li d fkdudfwhulvwlf ixqfwlrq lv nqrzq/ e| wdnlqj dq h{sdqvlrq ri lwv orjdulwkp durxqg w @ 3/

lw lv srvvleoh wr rewdlq wkh fxpxodqwv1 Ehwzhhq fxpxodqwv dqg prphqwv xs wr wkh irxuwk

rughu zh kdyh ��+D, @ H^[ `> �2+D, @ Ydu^[ `> ��+D, @ H^+[ � H^[`,�`> �e+D, @ H^+[ �
H^[`,e`�6Ydu^[ `1 Mduurz dqg Uxgg vkrz wkdw dq Hgjhzruwk h{sdqvlrq ri wkh irxuwk rughu iru

wkh wuxh suredelolw| glvwulexwlrq D durxqg wkh orj0qrupdo glvwulexwlrq O fdq eh zulwwhq/ diwhu

lpsrvlqj wkdw wkh �uvw prphqw ri wkh dssur{lpdwlqj ghqvlw| dqg wkh wuxh suredelolw| duh htxdo/

+��+O, @ ��+D,,=

d+v, @ o+v, .
�2+D,� �2+O,

5$

g2o+v,

gv2
� +��+D,� ��+O,,

6$

g�o+v,

gv�

.
+�e+D,� �e+O,, . 6+�2+D,� �2+O,,

2

7$

geo+v,

gve
. �+v,>

zkhuh o+v, lv wkh orj0qrupdo ghqvlw| dqg �+v, fdswxuhv whupv qhjohfwhg lq wkh h{sdqvlrq1 Wkh

ydulrxv whupv lq wkh h{sdqvlrq fruuhvsrqg wr dgmxvwphqwv ri wkh yduldqfh/ vnhzqhvv/ dqg nxuwrvlv1

Wklv h{suhvvlrq lv vlplodu wr d Wd|oru h{sdqvlrq/ |hw lw lv qrw wkh vdph vlqfh wkh frh�flhqwv ri

wkh whupv lq g�o@gv� duh sdudphwhuv dqg qrw ulvhq wr dq| srzhu1

Mduurz dqg Uxgg ixuwkhu vkrz wkdw wkh sulfh ri dq Hxurshdq fdoo rswlrq vwuxfn dw N fdq

<



eh zulwwhq dv

F+D, @ F+O, . h3oA
�2+D,� �2+O,

5$
o+N,� h3oA

��+D,� ��+O,

6$

go+N,

gV�

.h3oA
+�e+D,� �e+O,, . 6+�2+D,� �2+O,,

2

7$

g2o+N,

gV2
�

. �+N, +45,

Vlqfh O vwdqgv iru wkh orj0qrupdo glvwulexwlrq lw iroorzv wkdw F+O, fruuhvsrqgv wr wkh Jdupdq0

Nrkokdjhq irupxod dqg kljkhu rughu fxpxodqwv fdq eh rewdlqhg dv ixqfwlrqv ri hohphqwdu|

frpsrqhqwv=

��+O, @ V|h
Eo3oW�A > �2+O, @ ^��+O,t`

2>

��+O, @ ^��+O,t`
�+6t . t�,> �e+O, @ ^��+O,t`

e+49t2 . 48te . 9tS . tH,>

zkhuh t @ +hj
2A � 4,�*2 dqg zkhuh wkh �uvw uhodwlrq iroorzv iurp ulvn qhxwudo ydoxdwlrq1

Mduurz dqg Uxgg vxjjhvw lghqwl�fdwlrq ri wkh vhfrqg prphqw e| lpsrvlqj �2+O, @ �2+D,1

Wklv dujxphqw lv dovr mxvwl�hg rq qxphulfdo jurxqgv e| Fruudgr dqg Vx +4<<9, zkr qrwlfh wkdw

zlwkrxw wklv frqglwlrq wkhuh zloo h{lvw d sureohp ri pxowlfrolqhdulw| ehwzhhq wkh vhfrqg dqg wkh

irxuwk prphqw1 Fruudgr dqg Vx +4<<9, udwkhu wkdq hvwlpdwlqj wkh uhpdlqlqj fxpxodqwv/ +��+D,

dqg �e+D,,/ hvwlpdwh vnhzqhvv dqg nxuwrvlv +zulwwhq uhvshfwlyho| ��+D, dqg �2+D,, wkurxjk

��+D, @
��+D,

^�2+D,`�*2
> �2+D, @

�e+D,

^�2+D,`2
=

Fohduo|/ vlplodu h{suhvvlrqv krog ri wkh glvwulexwlrq O1 Zlwk wkh dvvxpswlrq frqfhuqlqj htxdolw|

ri wkh vhfrqg fxpxodqwv iru wkh dssur{lpdwlqj dqg wkh wuxh glvwulexwlrq lw iroorzv wkdw

F+D, @ F+O,� h3oA +��+D,� ��+O,,
�
�*2
2 +O,

6$

go+N,

gV�

.h3oA +�2+D,� �2+O,,
�22+O,

7$

g2o+N,

gV2�
= +46,

Xvlqj wklv h{suhvvlrq lw lv hdv| wr hvwlpdwh zlwk QOOV wkh lpsolflw yrodwlolw|/ +�2,/ vnhzqhvv/

+��+D,,/ dqg nxuwrvlv +�2+D,,1

43



Wkh h{suhvvlrq ri wkh ulvn qhxwudo ghqvlw| fdq eh rewdlqhg diwhu wzlfh gl�huhqwldwlqj +46,

zlwk uhvshfw wr N dqg wkhq hydoxdwlrq ryhu V� =

d+V�, @ o+V�,� +��+D,� ��+O,,
�
�*2
2 +O,

9

C�o+V� ,

CV�
�

. +�2+D,� �2+O,,
�22+O,

57

Ceo+V�,

CVe
�

+47,

zkhuh wkh sduwldo ghulydwlyhv fdq eh frpsxwhg lwhudwlyho| xvlqj

Co

CV�
@ �

�
4 .

oq+V� ,�p

�2W

�
o+V� ,

V�
>

C2o

CV2�
@ �

�
5 .

oq+V� ,�p

�2W

�
4

V�

Co+V� ,

CV�
� 4

V2
��

2
o+V�,>

C�o

CV��
@ �

�
6 .

oq+V� ,�p

�2W

�
4

V�

C2o+V� ,

C2V�
� 5

V2��
2

Co+V� ,

CV�
.

4

V���
�
o+V� ,>

Ceo

CVe�
@ �

�
7 .

oq+V� ,�p

�2W

�
4

V�

C�o+V� ,

C�V�
� 6

V2��
2

C2o+V�,

CV2
�

.
6

V�
��

�

Co+V�,

CV�
� 4

Ve
��

2
o+V� ,

dqg zkhuh p @ oq+V|, . +u � uW � 4@5�2,W 1 Wkrvh frpsxwdwlrqv lqglfdwh wkdw wkh UQG lq

wkh Hgjhzruwk fdvh zloo eh d sro|qrpldo zkrvh frh�flhqwv gluhfwo| frppdqg wkh vnhzqhvv dqg

nxuwrvlv ri wkh UQG1 Zh dovr qrwlfh wkdw wkh UQG lqyroyhv udwkhu frpsolfdwhg whupv lqyroylqj

ghulydwlyhv ri wkh orj0qrupdo ghqvlw|1

2�e � ti4��T@h@4i|h�U @TThL@U� �?�L*��?} Oih4�|i TL*)?L4�@*t

Wkh wkhruhwlfdo irxqgdwlrqv ri wklv phwkrg duh hoderudwhg lq Pdgdq dqg Ploqh +4<<7, dqg

dssolhg lq Denhq/ Pdgdq/ dqg Udpdpxuwlh +4<<9,1 Rwkhu uhfhqw uhvhdufk xvlqj Khuplwh ds0

sur{lpdwlrqv zlwklq dq rswlrq sulflqj frqwh{w lv Nqljkw dqg Vdwfkhoo +4<<:,1

Wkhlu prgho rshudwhv dv iroorzv1 Iluvw/ wkh| dvvxph wkdw wkh xqghuo|lqj dvvhw iroorzv d

orjqrupdo gl�xvlrq

gV| @ �V|gw. �V|gZ|> +48,

zkhuh Z| lv d Eurzqldq prwlrq zlwk uhvshfw wr vrph devwudfw uhihuhqfh ghqvlw| !+�, dvvxphg
wr eh Qrupdo zlwk phdq }hur dqg yduldqfh 41 Wklv lpsolhv/ zkhq zh pryh wr d glvfuhwl}dwlrq
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wkdw

V� @ V| h{s++�� 4

5
�2,W . �

s
W}, +49,

zkhuh } � Q +3> 4,1

Wkh nh| lghd ri wklv dssurdfk lv wkdw wkh ulvn qhxwudo ghqvlw| fdq eh rewdlqhg wkurxjk d

pxowlsolfdwlyh shuwxuedwlrq/ +�,/ wr wkh qrupdo ghqvlw| vr wkdw d+}, @ �+},!+},1 Wklv fdq eh

dowhuqdwlyho| ylhzhg dv d fkdqjh lq suredelolw|1 Udwkhu wkdq dvvxplqj vshfl�f h{suhvvlrqv iru

� wr jr iurp rqh suredelolw| wr dqrwkhu dv rqh grhv xqghu wkh pduwlqjdoh dssurdfk iru rswlrq

ydoxdwlrq/ wkh| dvvxph d sdudphwulf vwuxfwxuh iru �1 Wkh pdlq wkuxvw ri wkhlu zrun dlpv dw

hvwlpdwlqj �+},1

Wkh nh| revhuydwlrq ri wkhlu dssurdfk lv wkdw wkh uhihuhqfh phdvxuh ehlqj d qrupdo rqh/ wkh

ydulrxv frpsrqhqwv lqyroyhg lq wkh rswlrq sulflqj fdq eh h{suhvvhg dv olqhdu frpelqdwlrqv ri

Khuplwh sro|qrpldov1 Ohw ik&j"&'� eh wkrvh sro|qrpldov1 Vxfk sro|qrpldov duh nqrzq wr irup

dq ruwkrjrqdo edvlv zlwk uhvshfw wr wkh vfdodu surgxfw ? i> j A@
U
i+},j+},!+},g}1b

Vlqfh xqghu wkh uhihuhqfh phdvxuh/ !+},/ wkh g|qdplfv ri wkh xqghuo|lqj dvvhw duh shuihfwo|

gh�qhg/ Pdgdq dqg Ploqh vkrz krz lw lv srvvleoh wr zulwh dq| sd|r�/ vxfk dv iru lqvwdqfh wkh

sd|r� ri d fdoo rswlrq dv=

+} �N,n @
"[
&'f

d&k&+},=

Wkh d& duh zhoo gh�qhg dqg wkhlu h{suhvvlrq ghshqgv rq �> �> W> � 1

Rq wkh rwkhu kdqg/ lw lv dovr srvvleoh wr zulwh �+}, zlwk uhvshfw wr wkh edvlv dv �+}, @

S
"

�'f e�k�+},= Iroorzlqj +4, dqg jlyhq wkh ruwkrjrqdolw| surshuw| ri Khuplwh sro|qrpldov/ wkh

bA�i Oih4�|i TL*)?L4�@* Lu Lh_ih & �t _i�?i_ M) M&E%� ' E3��& Yn�

Y%n
�

�E%�
��ihi � �t |�i 4i@? 3ihL @?_ �?�|

�@h�@?Ui ?Lh4@* _i?t�|)� �u|ih t|@?_@h_�3@|�L? Lu |�i TL*)?L4�@*t M& |L �?�| ?Lh4c L?i LM|@�?t |�@| |�i �ht|
uL�h t|@?_@h_�3i_ Oih4�|i TL*)?L4�@*t @hi �fE%� ' �c ��E%� ' %c �2E%� ' E%2 3 ��*

I
2c ��E%� ' E%� 3 �%�*

I
Sc

�eE%� ' E%e 3 S%2 n ��*
I
2e�
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sulfh ri d fdoo rswlrq fdq wkhq eh zulwwhq dv

F @
"[
&'f

d&�& >

zkhuh wkh �& @ h3oA e& duh lqwhusuhwhg dv wkh lpsolflw sulfh ri sro|qrpldo ulvn k&1 Vlqfh wkh

Khuplwh sro|qrpldo ri rughu n zloo ghshqg rq d n0wk prphqw zh zloo dovr uhihu wr �� dqg �e dv

wkh sulfh ri vnhzqhvv dqg nxuwrvlv1

Iru sudfwlfdo sxusrvhv wkh lq�qlwh vxp fdq eh wuxqfdwhg xs wr wkh irxuwk rughu1 Rqh fdq

wkhq hlwkhu hvwlpdwh �&> n @ 4> � � � > 7 ru iroorz Denhq/ Pdgdq/ dqg Udpdpxuwlh +4<<9, dqg

lpsrvh �f @ hoA / �� @ �2 @ 3 dqg hvwlpdwh � dqg �1 Lq wklv fdvh wkh UQG vlpsol�hv wr

�d+}, @ !+},

�
4 .

e�s
9
+}� � 6}, .

ees
57
+}e � 9}2 . 6,

�
> +4:,

zkhuh wkh e� duh sdudphwhuv wr eh hvwlpdwhg1 Wkh sdudphwhuv e� dqg ee fruuhvsrqg wr wkh

vnhzqhvv dqg nxuwrvlv li } iroorzv d qrupdo glvwulexwlrq1 Lw lv lpsruwdqw wr hpskdvl}h wkdw

xqolnh wkh Hgjhzruwk fdvh/ vlqfh d ixuwkhu fkdqjh ri yduldeoh iurp } wr V� kdv wr eh pdgh/ e�

dqg ee zloo qrw fruuhvsrqg lq jhqhudo wr wkh vnzqhvv dqg nxuwrvlv ri wkh ixwxuh h{fkdqjh udwh V� 1

Lw lv dovr zruwk phqwlrqlqj wkdw wkh h{suhvvlrq jlyhq e| +4:, lv vrphwlphv fdoohg d Judp0Fkduolhu

h{sdqvlrqv zklfk lv wkh edvlv iru rwkhu uhfhqw uhvhdufk +vhh Nqljkw dqg Vdwfkhoo +4<<:,,1

Lq wkh hpslulfdo sduw ri wklv zrun zh zloo ixuwkhu slq grzq � e| lpsrvlqj wkh pduwlqjdoh

uhvwulfwlrq +43, dqg hvwlpdwh rqo| � dqg wkh ixwxuh ydoxh ri wkh wklug dqg irxuwk sulfh ri

ulvn1 Wkh dfwxdo ulvn qhxwudo ghqvlw| d+V� , fdq wkhq eh lqihuuhg xvlqj wkh fkdqjh ri yduldeoh

} @ ^oq+V�, � oq+V|, � +u � uW � �2@5,W `@�
s
W 1 Fduhixo frpsdulvrq ri wklv UQG zlwk wkh rqh

rewdlqhg lq wkh suhylrxv vhfwlrq vkrzv wkdw/ hyhq wkrxjk erwk lqyroyh d sro|qrpldo ri wkh irxuwk

ghjuhh/ wkrvh sro|qrpldov duh qrw htxdo hyhq wkrxjk wkh| pd| |lhog vlplodu vkdshv lq qxphulfdo

dssolfdwlrqv1
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Lq wklv vhfwlrq zh dvvxph wkdw V| lv d orj0qrupdo mxps0gl�xvlrq khqfh wkh vxp ri d jhrphwulf

Eurzqldq prwlrq dqg d Srlvvrq mxps surfhvv1 Sulflqj irupxod iru wkh mxps0gl�xvlrq fdq eh

irxqg lq Fr{/ Urvv +4<:9,/ dqg Edwhv +4<<4/ 4<<9d/ 4<<9e,1 Zlwklq wklv iudphzrun Pdo} +4<<9,

vkrzv krz lqirupdwlrq fdq eh uhfryhuhg iurp rswlrqv zkhq rqo| yhu| olwwoh lqirupdwlrq lv

dydlodeoh1

Xqghu wkh dvvxpswlrq wkdw wkh sulfh surfhvv lv wkh vxp ri d jhrphwulf Eurzqldq prwlrq

dqg d mxps frpsrqhqw zh fdq zulwh wkdw

gV| @ �V|gw. �V|gZ| . nV|gt|

zkhuh t lv d Srlvvrq frxqwhu zlwk dyhudjh udwh ri mxps rffxuuhqfh � dqg mxps vl}h n1 Lq d yhu|

jhqhudo vhw0xs n frxog eh dvvxphg wr eh d udqgrp yduldeoh1

Wkh sulfh surfhvv xqghu wkh ulvn qhxwudo suredelolw| fdq eh vkrzq wr eh

gV| @ +u � uW � �H^n`,V|gw. �V|gZ
W

| . nV|gt|=

Edoo dqg Wrurxv +4<;6/;8, dqg Pdo} +4<<:, dvvxph iru vlpsolflw| wkdw ryhu wkh krul}rq ri wkh

rswlrq wkhuh zloo eh dw prvw rqh mxps ri frqvwdqw vl}h1 Lq wklv fdvh/ uhihuuhg wr dv wkh Ehuqrxool

yhuvlrq ri wkh mxps gl�xvlrq/ wkh fdoo dqg sxw sulfhv ehfrph uhvshfwlyho|=

+4� �W ,F+V|> W>N> �> u> u
W . �n, . +�W ,F+V|+4 . n,> W>N> �> u> uW . �n,

+4� �W,S +V|> W>N> �> u> u
W . �n, . +�W ,S+V|+4 . n,> W>N> �> u> uW . �n,=

Lq wkrvh irupxodv 4� �W uhsuhvhqwv wkh suredelolw| ri qr mxps ehiruh pdwxulw|1 Iru qxphulfdo

sxusrvhv/ Edwhv dqg Pdo} vljqdo wkh gl�fxow| wr glvhqwdqjoh � dqg n1 Iru wklv uhdvrq zh zloo

rqo| lqwhusuhw odwhu rq wkh h{shfwhg mxps vl}h �n1

Zh dovr zrxog olnh wr phqwlrq dw wklv vwdjh wkdw zh zloo hvwlpdwh wklv vwuxfwxudo prgho iru

ydulrxv gdwhv dqg pdwxulwlhv1 Wklv zloo |lhog iru hdfk gdwh dqg pdwxulw| d vhw ri hvwlpdwhv1
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Wklv pd| dsshdu lq frqwudfwlrq zlwk wkh dvvxpswlrq ri frqvwdqw sdudphwhuv lq wkh xqghuo|lqj

surfhvv/ rq wkh rwkhu kdqg wklv lvvxh lv wkh vdph dv zlwk txrwlqj rswlrqv lq whupv ri yrodwlolwlhv1

Zh zloo iroorz wkh olwhudwxuh dqg lqwhusuhw wkh hvwlpdwhv dv ehlqj wkrvh shufhlyhg wr eh ydolg

dw vrph srlqw ri wlph e| pdunhw sduwlflsdqwv wloo wkh h{sludwlrq ri wkh rswlrq1 Lw vkrxog eh

ixuwkhu qrwlfhg wkdw wkh wlph vhulhv ri sdudphwhuv vr rewdlqhg pd| fruuhvsrqg wr d surfhvv ri

wkh xqghuo|lqj dvvhw zklfk kdv olwwoh wr gr zlwk klvwrulfdoo| revhuyhg surfhvvhv1 Rqh zd| ri

vhhlqj wklv lv wr wklqn derxw dq hyhqw zklfk kdv qhyhu rffxuuhg ehiruh1�f Pdunhw sduwlflsdqwv

zloo kdyh juhdw ihduv zklfk zrxog wudqvodwh lqwr d gudpdwlf dqwlflsdwhg sulfh sdwk1 Vrph gd|v

diwhu vxfk dq dqqrxqfhphqw/ hyhqwv pd| kdyh fkdqjhg lq zklfk fdvh h{shfwdwlrqv uhyhuw1 Wkh

hyhqwxdoo| revhuyhg vhulhv ri wkh h{fkdqjh udwh pd| kdyh olwwoh wr gr zlwk zkdw lqyhvwruv pd|

kdyh h{shfwhg dw vrph srlqw1 Wkh vdph fdyhdw dovr dssolhv wr wkh iroorzlqj vwuxfwxudo prgho1

2�S +�t! ?i�|h@* _i?t�|) uLh @ 4L_i* ��|� t|LU�@t|�U �L*@|�*�|)

Dq dowhuqdwlyh wr dvvxplqj mxpsv lv wr dvvxph/ dv lq Khvwrq*v +4<<6, prgho/ wkdw yrodwlolw| lv

vwrfkdvwlf1 Lq wkh iroorzlqj zh uhfdoo wkh irupxodv iru Khvwrq*v prgho1

Wkh sulfh g|qdplfv lv dvvxphg wr eh jlyhq e|

gV| @ �V|gw.
s
y|V|gZ�c|

gy| @ �+� � y|,gw. �
s
y|gZ2c|

Wkh sdudphwhuv ri Khvwrq*v prgho uhsuhvhqw= � wkh orqj0uxq yrodwlolw|/ � wkh phdq0uhyhuvlrq

vshhg/ � lv wkh yrodwlolw| ri wkh yrodwlolw| gl�xvlrq1 y| lv wkh lqvwdqwdqhrxv yrodwlolw|1 D sulrul

y| lv qrw d sdudphwhu wr hvwlpdwh exw wkh uhdol}dwlrq ri d udqgrp yduldeoh1 Krzhyhu/ vlqfh lw lv

xqrevhuydeoh/ lw lv idluo| qdwxudo wr hvwlpdwh lw zlwk wkh wuxh sdudphwhuv1 Odvwo|/ � ghqrwhv wkh

fruuhodwlrq ehwzhhq wkh wzr Eurzqldq prwlrqv Z�c|>Z2c|1

�f5�U� @? i @4T*i 4�}�| Mi Bih4@?) @??L�?U�?} t�__i?*) �|t �?|i?|�L? Lu ^��||�?} |�i ,�5�
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Khvwrq vkrzv wkdw wkh fdoo rswlrq sulfh lv

F @ h3o
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�
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zkhuh wkh lqwhjudqg fdq eh frqvwuxfwhg zlwk��

x� @ 4@5> x2 @ �4@5>

d @ ��>

e� @ �. �� ��>

e2 @ �. �

g� @
k
+��l{� e�,

2 � �2+5x�l{� {2,
l�*2

j� @
e� � ��l{. g�
e� � ��l{� g�

G� @
e� � ��l{. g�

�2
4� h{s+g�W ,

4� j� h{s+g�W ,

F� @ +u � uW,l{W .
d

�2

%
+e� � ��l{. g�,W � 5 oq

#
4� j� h{s+g�W ,

4� j�

$&

i� @ h{s+F� .G�y| . l{ oq+V|,,

zkhuh � vwdqgv iru wkh sulfh ri wkh yrodwlolw| ulvn1 Wkh sdudphwhuv wr eh hvwlpdwhg duh d> e�> e2> �> �> y|1

Ehfdxvh � lv qrw lghqwl�deoh zh lqwurgxfh �W @ ��@+�.�, dqg �W @ �.�1 Wkxv/ rqo| 8 sdudp0

hwhuv kdyh wr eh hvwlpdwhg1 Xvlqj +44,/ wkh UQG fdq eh hdvlo| lqihuuhg1 Vlqfh wkh rswlrq sulflqj

irupxod lqyroyhv lqwhjudov/ fohduo|/ wkh frpsxwdwlrq ri wkh UQG zloo dovr lqyroyh lqwhjudov1

� A�i _@|@

Wkh RWF gdwd xvhg zdv surylghg e| d odujh Iuhqfk edqn1 Rswlrqv duh lvvxhg rq d uhjxodu edvlv

dqg uhdfk pdwxulw| ehwzhhq d ihz gd|v dqg rqh |hdu1 Dqhfgrwdo hylghqfh vxjjhvwv wkdw pdunhw

��� �t |�i UL4T*i ?�4Mihc tL*�|�L? |L �2 ' 3��
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sduwlflsdqwv frqvlghu wklv pdunhw oltxlg1 Zh zhuh deoh wr rewdlq gdwd iru 53 luuhjxoduo| vsdfhg

gdwhv1�2 Wkh �uvw rqh lv Pd| 4:wk 4<<9 dqg wkh odvw rqh lv Mxqh 5:wk 4<<:1

Dv glvfxvvhg lq vhfwlrq 51415 wklv w|sh ri rswlrq lv txrwhg lq whupv ri �1 Iru doo gdwhv zh kdyh

dw ohdvw lqirupdwlrq iru rswlrqv zlwk � wdnlqj wkh ydoxhv 43/ 48/ 53/ 63/ 73/ 83 +fruuhvsrqglqj wr

wkh dw wkh prqh| rswlrq,/ 93/ :3/ ;3/ ;8/ <31 Ehwzhhq wkh �uvw gdwh dqg Mxqh 4<<9 zh dovr kdyh

lqirupdwlrq iru wkh 8 dqg <8 ghowd rswlrqv1 Vlqfh rswlrqv lq wkh h{wuhphv zhuh udwkhu looltxlg

wkhlu txrwdwlrq zdv jlyhq xs dw wkdw wlph1 Lq wklv vwxg| zh xvhg gdwd iru doo srvvleoh �1

Iru doo gdwhv zh zhuh jlyhq elg dqg dvn sulfhv iru lq wkh prqh| sxw dqg fdoo rswlrqv1 Iroorzlqj

wkh olwhudwxuh zh ghflghg wr zrun zlwk wkh dyhudjh ehwzhhq wkh elg dqg dvn sulfh1 Hyhq wkrxjk

zh rewdlqhg doo uhvxowv iru rswlrqv zlwk 4/ 5/ 6/ 9/ </ dqg 45 prqwk wr pdwxulw| zh ghflghg wr

uhsruw wkh uhvxowv iru rqo| ihzhu pdwxulwlhv1��

Wkh lqwhuhvw udwhv u dqg uW duh wkh grphvwlf +Iuhqfk, dqg iruhljq +Jhupdq, hxur0lqwhuhvw

udwhv fkrvhq wr pdwfk wkh h{sludwlrq ri wkh rswlrqv1 Zh wudqvirup wkhvh udwhv lqwr wkhlu frqwlq0

xrxvo| frpsrxqg htxlydohqwv1 Wkh vsrw h{fkdqjh udwh lv hdvlo| dydlodeoh1

E| xvlqj d qxphulfdo surfhgxuh dqg wkh phwkrgrorj| rxwolqhg lq vhfwlrq 51415 zh h{wudfw

iru hdfk rswlrq ri d jlyhq pdwxulw| wkh fruuhvsrqglqj vwulnh sulfh1 Wkh gl�huhqfh ehwzhhq wkh

dfwxdo gdwd dqg wkh ghowd rewdlqhg iru wkh rswlpdo N lv lq doo fdvhv vpdoohu wkdq 313:( ri wkh

lqlwldo ghowd$

e �hLtt tiU|�L?@* UL4T@h�tL?

Lq wklv vhfwlrq zh duh jrlqj wr suhvhqw dqg lqwhusuhw hvwlpdwlrq uhvxowv iru wzr gdwhv rqo|1 Lq

wkh qh{w vhfwlrq zh zloo frpsduh wkh phwkrgv zlwklq d wlph vhulhv frqwh{w1

Wr jhw d ihho iru wkh gdwd dw kdqg/ zh wudfh wkh yrodwlolw| ri dq rswlrq dv d ixqfwlrq ri wkh

ghowd dqg pdwxulw| lq Iljxuhv 4 dqg 51 Li orj0qrupdolw| khog wkhq zh vkrxog revhuyh rqh vwudljkw

olqh lqghshqghqw ri pdwxulw|1 Iru d jlyhq pdwxulw|/ wkh ghyldwlrq iurp wkh vwudljkw olqh lv fdoohg

wkh yrodwlolw| vploh1 Wkh vkliw dfurvv pdwxulwlhv lv wkh whup vwuxfwxuh ri yrodwlolwlhv1 Khuh rswlrqv

�2,�i? t|hi?�L�t igLh|t _�_ ?L| @**L� �t |L LM|@�? 4Lhi _@|it�
��A�i u�** ti| Lu it|�4@|it uLh |�i |�L _@|it U@? Mi uL�?_ �? @ �Lh!�?} T@Tih �iht�L? Lu |��t t|�_)�
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zlwk orz � +kljk vwulnh sulfhv, duh kljko| ydoxhg phdqlqj wkdw wkh pdunhw h{shfwv dq lqfuhdvh

lq wkh h{fkdqjh udwh +d II ghsuhfldwlrq,1

Lqvhuw vrphzkhuh khuh Iljxuhv 4 dqg 5

Wkrvh vplohv frq�up wkdw pruh frpsolfdwhg prghov wkdq Jdupdq0Nrkokdjhq vkrxog eh

frqvlghuhg iru wkh gdwd dw kdqg1 Iru ixwxuh frpsdulvrqv zh qrqhwkhohvv hvwlpdwhg wklv prgho/

e| xvlqj wkh QOOV surfhgxuh rxwolqhg lq wkh Dsshqgl{1 Wklv |lhoghg iru hdfk gdwd dqg pdwxulw|

d vlqjoh yrodwlolw| hvwlpdwh1 Wkrvh yrodwlolwhv duh wkhq xvhg wr frqvwuxfw d vhw ri ehqfkpdun UQGv

zklfk zloo eh suhvhqwhg odwhu rq iru frpsdulvrq sxusrvhv1

Zh dovr hvwlpdwhg wkh sdudphwhuv iru wkh rwkhu qrq vwuxfwxudo prghov1 Iru wkh pl{wxuh ri

orj0qrupdov wkh ydoxhv ri wkh sdudphwhu hvwlpdwhv kdyh qr reylrxv h{sodqdwlrq exw wkh| frxog

eh xvhg wr lqihu wkh ydulrxv prphqwv ri wkh pl{wxuh ghqvlw|1 Iru wkh Hgjhzruwk h{sdqvlrq

wkh sdudphwhu lqglfdwh e| frqvwuxfwlrq wkh yrodwlolw|/ vnhzqhvv/ dqg nxuwrvlv ri wkh xqghuo|lqj

ghqvlw|1 Zh ghflghg/ krzhyhu/ wr frpsduh wkh prphqwv ri doo prghov vlpxowdqhrxvo| dw d odwhu

vwdjh1 Ehiruh glvfxvvlqj prphqwv zh zlvk wr suhvhqw wkh sdudphwhu hvwlpdwhv iru wkh vwuxfwxudo

prghov ri Pdo} dqg Khvwrq zklfk kdyh dq hfrqrplf phdqlqj1

e�� �@h@4i|ih it|�4@|it uLh t|h�U|�h@* 4L_i*t

71414 Wkh mxps0gl�xvlrq fdvh

Zh �uvw wxuq wr wkh sdudphwhu hvwlpdwhv iru wkh mxps0gl�xvlrq prgho ri Pdo} suhvhqwhg lq Wdeoh

41 Wxuqlqj wr wkh �uvw gdwh zh qrwlfh wkdw � lqfuhdvhv iurp 3134:5 wr 3135381 Wklv phdqv wkdw

lqyhvwruv h{shfw d juhdwhu xqfhuwdlqw| derxw sulfh pryhphqwv lq wkh orqjhu uxq1 Wkh suredelolw|

wkdw d mxps rffxuv ehiruh pdwxulw|/ +�W ,/ ydulhv iurp 3136<< wr 3139<< vxjjhvwlqj wkdw iru wkh

fdop gdwh lqyhvwruv gr qrw eholhyh lq d juhdw olnholkrrg ri d mxps rffxuuhqfh1 Wxuqlqj wr wkh

h{shfwhg mxps vl}h/ +�n,/ zh qrwlfh wkdw wklv phdvxuh ghfuhdvhv iurp 313437 grzq wr 31338;1

Wklv phdqv wkdw zkdw lv frqvlghuhg wr eh d mxps lq wkh vkruw uxq ehfrphv qrupdo lq wkh orqj

uxq1 Wr vxp xs/ lqyhvwruv h{shfw wkdw d mxps zloo rffxu zlwk d kljkhu suredelolw| lq wkh orqj

4;



uxq exw wkhq rqo| odujh yduldwlrqv zloo eh frqvlghuhg wr eh mxpsv1�e

Lqvhuw vrphzkhuh khuh Wdeoh 4

Wxuqlqj wr wkh vhfrqg gdwh/ zkhq wkh pdunhw zdv pruh djlwdwhg/ zh qrwlfh wkdw � ghfuhdvhv

dfurvv pdwxulwlhv1 Ixuwkhu/ iru wkh rqh prqwk wr pdwxulw|/ � lv kljkhu iru wkh qhz gdwh wkdq iru

wkh �uvw rqh +3134;9 djdlqvw 3134:5,1 Lq wkh orqj uxq lqvwhdg � lv vpdoohu iru wkh qhz gdwh1 Wkrvh

uhvxowv lpso| wkdw wkhuh lv kljkhu qrq0gluhfwlrqdo xqfhuwdlqw| iru wkh vkruw uxq diwhu Fkludf*v

dqqrxqfhphqw ri d vqds hohfwlrq= pdunhwv zhuh h{shfwhg e| lqyhvwruv wr hlwkhu pryh xs ru

grzq1 Lq wkh orqj uxq/ krzhyhu/ vlqfh wkhq ixqgdphqwdo xqfhuwdlqw|/ jlyhq e| �/ lv qrz vpdoohu

wkdq iru wkh �uvw gdwh/ lqyhvwruv dsshdu wr dqwlflsdwh wkh fuhdwlrq ri d vlqjoh fxuuhqf| duhd1

Fohduo|/ iru d vlqjoh fxuuhqf| duhd rqh h{shfwv � wr ydqlvk frpsohwho|1

Wkh mxps suredelolw| �W ghfuhdvhv iurp 313:4: wr 3138:7 vkrzlqj wkdw lqyhvwruv dwwdfk dovr

d kljk suredelolw| wr d ghsuhfldwlrq ri wkh Iudqf lq wkh vkruw uxq1 Zkhq wxuqlqj wr wkh lpsdfw ri

d mxps rq sulfhv/ jlyhq e| �n/ zh qrwlfh lwv vkdus lqfuhdvh uhodwlyh wr wkh �uvw gdwh dqg wklv iru

doo pdwxulwlhv1 Wkh vljq zklfk lv dozd|v srvlwlyh iru wklv frpsrqhqw vxjjhvwv wkdw li dq|wklqj/

wkh II zdv h{shfwhg wr ghsuhfldwh djdlqvw wkh pdun1 Wr vxp xs/ Fkludf*v dqqrxqfhphqw ohdg

wr lpsruwdqw pdunhw wxuexohqfhv1 Rq Dsulo 58wk 4<<: lq dq hqylurqphqw ri djlwdwhg iruhljq

h{fkdqjh pdunhwv lqyhvwruv h{shfwhg wkdw d mxps ri udwkhu odujh pdjqlwxgh zdv h{shfwhg wr

rffxu lq wkh vkruw uxq1

71415 Vwrfkdvwlf yrodwlolw|

Diwhu hvwlpdwlqj wklv prgho iru hdfk pdwxulw| jlyhq wkh juhdw lqvwdelolw| ri wkh sdudphwhuv dfurvv

pdwxulwlhv zh ghflghg wr dovr uhsruw lq Wdeoh 5/ wkh hvwlpdwhv iru wkh vwrfkdvwlf yrodwlolw| prgho

zkhuh iru d jlyhq gdwh zh xvhg doo pdwxulwlhv vlpxowdqhrxvo|1

Lqvhuw vrphzkhuh khuh Wdeoh 5

Zh �uvw qrwlfh iru wkh �uvw gdwh wkdw wkh orqj uxq yrodwlolw| +
s
�W, lqfuhdvhv iurp 313597 wr

31367< zkhuhdv iru wkh vhfrqg gdwh lw ghfuhdvhv iurp 313:53 wr 31336;1 Wklv yduldeoh fdswxuhv d

�e ì @hi }h@|iu�* �ihi |L �**@? �@*3 uLh �i*T�?} �t }i||�?} |�i �?|ihThi|@|�L?t t|h@�}�|�
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vlplodu phvvdjh wkdq wkh gl�xvlrq yrodwolw| qdpho| wkdw rq d qrupdo/ fdop gd| wkhuh vkrxog eh

dq xszdug vorslqj whup vwuxfwxuh ri yrodwlolwlhv/ dqg d ghfuhdvlqj rqh +ru dw ohdvw d ohvv vwhhs

rqh, rq d gd| zlwk djlwdwhg pdunhwv1

Wkh sdudphwhu � fdswxuhv wkh vnhzqhvv ri wkh glvwulexwlrq/ l1h1 wkh suredelolw| ri dq dv|p0

phwulf hyhqw1 Lwv lpsdfw rq wkh UQG kdv wr eh uhdg lq frpelqdwlrq zlwk �/ wkh yrodwlolw| ri

yrodwlolw|1 Zh qrwlfh iru erwk gdwhv wkdw � ghfuhdvhv zkhuhdv � lqfuhdvhv zlwk pdwxulwlhv1 Wkrvh

�qglqjv dsshdu vlplodu wr wkh rqhv kroglqj iru �n ri wkh mxps gl�xvlrq prgho/ qdpho| wkdw lq

wkh orqj uxq/ dq hyhqw lq rughu wr eh frqvlghuhg d vkrfn +l1h1 wr eh jhqhudwlqj vnhzqhvv wkurxjk

�, kdv wr eh yhu| odujh1 Lq rwkhu zrugv/ lq wkh orqj uxq prvw ri wkh hyhqwv duh frqvlghuhg

qrupdo1�D

Vrph ri wkh sdudphwhu hvwlpdwhv glvsod| udwkhu odujh yduldelolw|1 Iru wklv uhdvrq zh dovr

hvwlpdwh wkh prgho zlwk doo pdwxulwlhv vlpxowdqhrxvo|1 Zh �uvw qrwlfh wkdw iru wkh �uvw gdwh

wkh phdvxuh ri fxuuhqw yrodwlolw|/
s
y|/ +313557,/ lv vpdoohu wkdq iru wkh vhfrqg gdwh/ +31363,1

Wklv vkrzv wkdw wkh mrlqw hvwlpdwlrq lv deoh wr fdswxuh wkh lqfuhdvhg pdunhw xqfhuwdlqw| gxh wr

srolwlfdo ulvn rq wkh vhfrqg pdwxulw|1 Wkh sdudphwhu � zklfk fdswxuhv wkh vorsh ri wkh vploh

kdv dovr lqfuhdvhg1 Wkh sdudphwhu
s
�W fruuhvsrqgv wr wkh orqj uxq yrodwlolw|1 Wklv sdudphwhu

wdnhv wkh ydoxh 313649 iru wkh �uvw gdwh dqg 3135;6 iru wkh vhfrqg rqh1 Wklv ghfuhdvh lq ydoxh

frq�upv zkdw zh rewdlqhg zlwk wkh mxps0gl�xvlrq qdpho| wkdw lqyhvwruv duh pruh frq�ghqw

rq wkh vhfrqg gdwh wkdw lq wkh orqj uxq pdunhw yrodwlolw| zloo eh vpdoo ehfdxvh ri d srvvleoh

xqltxh Hxurshdq fxuuhqf|1 Wkh sdudphwhu �W/ fdswxulqj wkh vshhg e| zklfk yrodwlolw| lv phdq0

uhyhuwlqj/ ghfuhdvhv iurp 7136 grzq wr 615;51�S Wklv phdqv wkdw iru wkh djlwdwhg gdwh lqyhvwruv

h{shfw wkdw lw zloo wdnh orqjhu ehiruh wkh pdunhw uhyhuwv wr qrupdo1 Wklv revhuydwlrq lv ixuwkhu

fruurerudwhg e| �/ wkh yrodwlolw| ri yrodwlolw|1 Wklv sdudphwhu lqfuhdvhv voljkwo| iurp wkh �uvw wr

wkh vhfrqg pdwxulw| 1
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e�2 �L4i?|t uLh |�i �@h�L�t 4L_i*t

Wr ixuwkhu frpsduh wkh gl�huhqw prghov zh fkhfn wkh vwdwlvwlfdo surshuwlhv ri wkh ydulrxv UQGv

glvsod|hg lq Wdeoh 61 Iluvw/ zh zloo yhuli| wkdw wkh �uvw prphqw ri wkh UQGv lv htxdo wr wkh

iruzdug udwh1 Vhfrqg/ zh fkhfn krz wkh frqvwudlqwv lpsrvhg e| orj0qrupdolw| rq wkh wklug dqg

irxuwk prphqwv fdq eldv wkh yduldqfh hvwlpdwhv1 Odvw/ lw lv whpswlqj wr frpsduh wkh hvwlpdwhv

ri wkh vnhzqhvv dqg wkh nxuwrvlv rewdlqhg xqghu wkh gl�huhqw UQGv1

Lqvhuw vrphzkhuh khuh Wdeoh 6

Vrph prghov +orj0qrupdolw|/ Hgjhzruwk h{sdqvlrq dqg mxps gl�xvlrq, lpsrvh wkh frqvwudlqw

wkdw wkh �uvw qrq fhqwudo prphqw htxdov wkh iruzdug udwh1 Iru rwkhu prghov/ wkh ehwwhu wkh

dgmxvwphqw/ wkh forvhu wkh �uvw prphqw lv wr wkh iruzdug udwh1 Zh qrwlfh wkdw iru wkh �uvw gdwh/

doo wkh prghov jlyh d �uvw prphqw htxdo wr wkh iruzdug udwh1 Iru wkh vhfrqg gdwh krzhyhu/ wkh

Khuplwh dssurdfk jlyhv d vpdoo jds iru wkh 60prqwk pdwxulw| +616:7< lqvwhdg ri 616:8;, dqg

vlplodu iru wkh 45 prqwk pdwxulw|1

Dv idu dv yrodwlolwlhv duh frqfhuqhg/ zh vhh wkh eldv lpsolhg e| wkh orj0qrupdolw| dvvxpswlrq=

wkh yrodwlolw| lqgxfhg e| wkh orj0qrupdo prgho dsshduv v|vwhpdwlfdoo| vpdoohu wkdq wkh rqh

rewdlqhg zlwk wkh rwkhu dssurdfkhv1 Rwkhuzlvh zh revhuyh d juhdw krprjhqhlw| ri wkh yrodwlolwlhv

jlyhq e| wkh rwkhu prghov1

Wkh hvwlpdwlrqv ri vnhzqhvv dqg nxuwrvlv duh pxfk pruh frqwudvwhg/ vlqfh dw wklv ohyho wkh

vshfl�flwlhv ri wkh gl�huhqw prghov fdq eh revhuyhg1 Wkh orj0qrupdo prgho lv ohvv lqwhuhvwlqj

iurp wklv srlqw ri ylhz/ vlqfh rq wkhruhwlfdo jurxqgv lw grhv qrw doorz iru dv|pphwu| qru idw

wdlov1 Iluvw/ zh revhuyh wkdw vnhzqhvv dv zhoo dv nxuwrvlv duh jhqhudoo| idu iurp wkh rqh rewdlqhg

xqghu orj0qrupdolw|= iru wkh �uvw gdwh iru lqvwdqfh/ vnhzqhvv lv ehwzhhq 319; dqg 417; dqg

h{fhvv nxuwrvlv lv ehwzhhq 51:7 dqg 716<1 Wkh vnhzqhvv rewdlqhg iurp vhpl0sdudphwulf prghov

duh v|vwhpdwlfdoo| orzhu wkdq wkh rqhv rewdlqhg zlwk rwkhu prghov/ hyhq li wklv gl�huhqfh vhhpv

wr uhpdlq vpdoo1 Qrqhwkhohvv/ frqfhuqlqj nxuwrvlv/ zh qrwlfh surqrxqfhg gl�huhqfhv ehwzhhq

prghov= wkh orj0qrupdo pl{wxuh prgho dqg wkh vwrfkdvwlf yrodwlolw| prgho jlyh jhqhudoo| yhu|

odujh h{fhvv nxuwrvlv +hvshfldoo| iru wkh vhfrqg gdwh,1
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Lqvhuw vrphzkhuh khuh Iljxuhv 6/ 7/ 8/ dqg 9

Wkh judskv ri wkh UQG ixuwkhu fruurerudwh rxu hduolhu �qglqjv1 Doo UQGv gl�hu vljql�fdqwo|

iurp wkh ehqfkpdun rqh1 Ixuwkhu/ zh qrwlfh wkdw wkh UQG iru wkh Khuplwh dqg Hgjhzruwk h{0

sdqvlrq duh yhu| forvh1 Wkrvh wzr dssurdfkhv kdyh wkh xqiruwxqdwh gudzedfn wr |lhog qhjdwlyh

ghqvlwlhv1 Wkh uhdvrq iru wklv lv wkdw rqo| d olplwhg udqjh ri vnhzqhvv0nxuwrvlv sdluv duh frpsdw0

leoh zlwk srvlwlyh dsur{lpdwlrqv1�. Jrlqj edfn wr Wdeoh 6 zh vhh wkdw iru wkrvh dssur{lpdwlrqv

vnhzqhvv dqg nxuwrvlv duh dozd|v vpdoohvw= wkh uhdvrq lv wkdw wkrvh phwkrgv kdyh gl�fxowlhv

wr dffrpprgdwh kljkhu prphqwv eh|rqg d fhuwdlq udqjh1 Wkrvh prghov vhhp xqiruwxqdwho|

xqdeoh wr fdswxuh wkh kljk vnhzqhvv ri h{fkdqjh udwh gdwd1

Zkhq zh lqvshfw Iljxuhv 6 wr 9 zh uhdol}h wkdw wkh prgho zlwk vwrfkdvwlf yrodwlolw| glvwlq0

jxlvkhv lwvhoi e| d fxuydwxuh zklfk lv ohvv surqrxqfhg wkdq wkh rwkhu prghov1 Wklv phdqv wkdw

wklv w|sh ri prgho kdv gl�fxowlhv lq fdswxulqj wkh vwurqj vnhzqhvv zklfk dsshduv lq wkh gdwd1

Zkhq jrlqj edfn wr Wdeoh 6 zh qrwlfh wkdw wkh prgho zlwk vwrfkdvwlf yrodwlolw| dozd|v kdv

vpdoohu ydoxhv ri vnhzqhvv exw vrph wlph wkh odujhvw nxuwrvlv1 Wklv vxjjhvwv wkdw wkh vwrfkdvwlf

yrodwlolw| prgho lv xqdeoh wr fdswxuh wkh dv|pphwu| lq wkh gdwd dqg vxjjhvwv dv d vxevwlwxwh iru

vnhzqhvv d kljkhu nxuwrvlv1 Lq d vlwxdwlrq zkhuh ihduv duh gluhfwlrqdo +vxfk dv iru d ghydoxdwlrq,

wklv ihdwxuh vhhpv wr eh vrphzkdw ehvlgh wkh srlqw1

Wr vxppdul}h/ zh qrwlfh d juhdw ghdo ri krprjhqhlw| iru wkh gl�huhqw prghov dv idu dv wkh

�uvw dqg wkh vhfrqg prphqwv duh frqfhuqhg1 Zkdw uhdoo| gl�huhqwldwhv wkh prghov lv wkhlu

delolw| wr fdswxuh wkh wklug dqg irxuwk prphqw1

dqg/ wr d fhuwdlq h{whqw/ wkh wklug prphqwv duh frqfhuqhg1

e�� A�i �ti Lu +�#t

Dq lpsruwdqw srlqw wr fkhfn lq wkh frpsdulvrq ri wkh ydulrxv phwkrgv lv zkhwkhu wkh| jlyh

vlplodu frq�ghqfh lqwhuydov1 Wklv srlqw lv ri sduwlfxodu lqwhuhvw iru srolf| pdnhuv/ vlqfh wkh

edqgzlgwk ri frq�ghqfh lqwhuydov fdq eh vhhq dv dq lqglfdwru ri fuhglelolw| ri wkh prqhwdu|

�.5ii @*tL �@h|L? @?_ #i??�t E�bD2��
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srolf|1 Dv lw lv zhoo nqrzq/ lw lv qrw srvvleoh wr h{wudfw gluhfwo| iruhfdvwv iurp rswlrq sulfhv/

vlqfh wkh xqghuo|lqj glvwulexwlrqv duh edvhg rq wkh dvvxpswlrq ri ulvn qhxwudolw| ri pdunhw

sduwlflsdqwv1 Lw pljkw eh dujxhg wkdw wklv w|sh ri dqdo|vlv lv plvohdglqj vlqfh rqh dvvxphv

ulvn qhxwudolw|1 Krzhyhu/ Uxelqvwhlq +4<<7/ s1 ;37, xvlqj d qxphulfdo h{dpsoh lv ohdg wr wkh

vwdwhphqw= 111 ghvslwh zduqlqjv wr wkh frqwudu| zh fdq mxvwl�deo| vxssrvh d urxjk vlplodulw|

ehwzhhq wkh ulvn0qhxwudo suredelolwlhv lpsolhg lq rswlrq sulfhv dqg vxemhfwlyh eholhiv1 Iru wklv

uhdvrq zh iroorz Fdpsd/ Fkdqj dqg Uhlghu +4<<:, dqg frqvwuxfw UQGv zklfk duh edvhg rq

wkh iruzdug udwh1 Lq wkdw fdvh/ frq�ghqfh lqwhuydov duh qrw lqwhusuhwhg lq ohyhov/ ehfdxvh lw lv

plvohdglqj wr uhdg �rru dqg fhlolqj ri dq lqwhuydo lq II2GP/ exw rqh fdq dqdo|}h wkh uhodwlyh

lqwhuydov dqg wkh uhodwlyh edqgzlgwkv h{suhvvhg dv d shufhqwdjh ri wkh iruzdug udwh1

Wkxv/ zh hvwlpdwh/ iru hdfk pdwxulw| dqg hdfk phwkrg/ wzr frq�ghqfh lqwhuydov= wkh edqgv

ri plqlpxp zlgwk vxfk wkdw pdunhw sduwlflsdqwv sxw d <3( +dqg d <8(, suredelolw| rq wkh idfw

wkdw wkh II2GP zloo eh lqvlgh wkh edqg dw wkh hqg ri wkh shulrg1 Dv wkh UQGv duh fhqwhuhg rq

wkh iruzdug udwh/ zh gh�qh wkh edqgzlgwk dv kdoi wkh gl�huhqfh ehwzhhq wkh �rru dqg fhlolqj

h{suhvvhg dv d shufhqwdjh ri wkh iruzdug udwh1

Lqvhuw vrphzkhuh khuh Wdeoh 7

Wdeoh 7 uhsruwv wkh hvwlpdwhv ri wkh �rru/ wkh fhlolqj dqg wkh edqgzlgwk1 Vhyhudo srlqwv

duh zruwk qrwlqj= �uvw/ zh fohduo| revhuyh wkh dv|pphwu| ri wkh UQGv iru doo phwkrgv dqg doo

pdwxulwlhv vlqfh wkh iruzdug wr �rru udwlr lv dozd|v vpdoohu wkdq wkh fhlolqj wr iruzdug udwlr1

Iru lqvwdqfh iru wkh edqgzlgwk frqwdlqlqj <3( ri wkh glvwulexwlrq iru Pd| 4:wk 4<<9 iru wkh

40prqwk pdwxulw|/ wkh iruphu lv derxw 31;8( zkhuhdv wkh odwwhu lv derxw 417(1 Iru pruh glvwdqw

pdwxulwlhv/ wkh jds lv hyhq odujhu1

Lq wkh vdph zd|/ zh qrwlfh wkdw wkh dv|pphwu| lqfuhdvhv iru wkh vhfrqg gdwh/ vlqfh wkh

fhlolqj wr iruzdug udwlr lv dw ohdvw wzlfh wkh iruzdug wr �rru udwlr1 Wklv uhvxow fohduo| vkrzv wkdw

wkh xqfhuwdlqw| lq Dsulo 4<<: zdv xqidyrudeoh wr wkh II1

Vhfrqg/ wkh h{fhvv nxuwrvlv fdq eh phdvxuhg wr d fhuwdlq h{whqw iurp wkh edqgzlgwk1 Dv

lw fohduo| dsshduv/ iru d jlyhq suredelolw|/ wkh edqgzlgwk ri wkh orj0qrupdo prgho lv dozd|v
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qduurzhu wkdq wkh rqhv ri wkh rwkhu dssurdfkhv1 Wklv phdqv wkdw/ iru d jlyhq edqgzlgwk/ wkh

pruh vrsklvwlfdwhg phwkrgv +zklfk doorz iru idw wdlov, zloo jlyh d kljkhu suredelolw| rxwvlgh wkh

edqgzlgwk wkdq wkh orj0qrupdo prgho1

Wkh frpsdulvrq ri wkh ydulrxv phwkrgv lv dovr lqwhuhvwlqj1 Wkh orj0qrupdo prgho vkrzv qr

dv|pphwu| vlqfh wkh iruzdug wr �rru udwlr dqg wkh fhlolqj wr iruzdug udwlr duh doprvw wkh vdph1

Rwkhu dssurdfkhv duh pxfk pruh krprjhqhrxv/ h{fhsw shukdsv iru Khvwrq*v prgho1 Lqghhg

wklv prgho vhhpv ohvv dv|pphwulfdo wkdq wkh rwkhu rqhv1 Pruh suhflvho|/ lq pdq| fdvhv/ wkh

fhlolqj lv qhduhu wkh iruzdug udwh1 Wklv uhvxow fdq eh h{sodlqhg e| wkh douhdg| phqwlrqhg idfw

wkdw wkh vwrfkdvwlf yrodwlolw| prgho lv xqdeoh wr jhqhudwh d kxps +dv wkh Pdo} dssurdfk lv, dqg

wkxv lw kdv wr frpshqvdwh wkh odfn ri �h{lelolw| zlwk d ohvv udslgo| ghfuhdvlqj ghqvlw| +vhh dovr

�jxuhv 8 dqg 9,1 Dffruglqjo| zh qrwh iru lqvwdqfh iru wkh 40prqwk pdwxulw| rq Dsulo 58wk 4<<:

dq lpsruwdqw jds ehwzhhq frq�ghqfh lqwhuydov hydoxdwhg e| Khvwrq*v prgho dqg e| wkh rwkhu

dssurdfkhv= wkh edqgzlgwk frqwdlqlqj <8( ri wkh glvwulexwlrq lv 41730515; iru Khvwrq*v prgho

dqg derxw 413605194 iru wkh rwkhu prghov1

D A�4i tih�it UL4T@h�tL?

Lq wklv vhfwlrq zh zlvk wr frpsduh wkh shuirupdqfh ri wkh ydulrxv prghov dqg wr vkrz krz wkh|

fdq eh xvhg wr uhdg lqirupdwlrq frqwdlqhg lq wkh gdwd1

D�� +i*@|��i TihuLh4@?Ui

Dv d suholplqdu| uhpdun zh kdyh wr phqwlrq wkdw zh ghflghg lq wkh wlph vhulhv frqwh{w wr gurs

wkh prgho zlwk vwrfkdvwlf yrodwlolw|1 Wkh uhdvrq iru wklv lv wkh reylrxv gl�fxow| ri wkdw prgho

wr fdswxuh wkh odujh vnhzqhvv zklfk dsshduv wr uhvlgh lq wkh gdwd dw kdqg1�H

Lqvhuw vrphzkhuh khuh Wdeohv 8 dqg 9

Wkrvh uhpdunv ehlqj pdgh zh glvsod| lq Wdeohv 8 dqg 9 wkh devroxwh uhodwlyh huuruv iru wkh

ydulrxv gdwhv dqg prghov1 Zh qrwlfh lq Wdeoh 8 wkdw iru wkh vkruw pdwxulw| iru prvw ri wkh

�H ì _�_ ?L| i Tih�4i?| ��|� |��t 4L_i* L? L|�ih _@|@ uLh ���U� �| 4�}�| �i** Mi LT|�4@*�
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fdvhv wkh pl{wxuh ri orjqrupdov lv wkh ehvw prgho1 Iru wkh vkruw pdwxulw| zh qrwlfh ixuwkhu

wkdw wkh mxps gl�xvlrq prgho grhv dovr txlwh zhoo1 Wdeoh 9 vkrzv wkdw iru wkh orqjhu pdwxulw|

rswlrq Pdo}* prgho lv wkh ehvw h{fhsw iru rqh gdwh1 Iru sudfwlfdo sxusrvhv/ wklv vxjjhvwv wkdw

rqh vkrxog xvh iru vkruw uxq rswlrqv wkh pl{wxuh ri orj0qrupdov prgho dqg wkh mxps0gl�xvlrq

prgho lq wkh orqjhu uxq1

D�2 A�i 4itt@}i UL?|@�?i_ �? UL?�_i?Ui �?|ih�@*t

HULF= Xs wr |rx wr whoo pruh zk| lqwhuydov hyroyh mxvw dv wkh| gr111

Dv dq looxvwudwlrq zh glvsod| lq Iljxuh : wkh hyroxwlrq ryhu wkh 53 gdwhv iru zklfk zh kdyh

lqirupdwlrq ri wkh <3( frq�ghqfh lqwhuydo1 Zh kdyh fkrvhq dv phwkrg wkh pl{wxuh ri orjqrupdov

zklfk dsshduv wr eh dq dghtxdwh phwkrg iru wkh vkruw uxq1

Zh qrwlfh ydulrxv vkliwv lq wkh frq�ghqfh lqwhuydo1 Lq wkh vxpphu ri 4<<9 zh revhuyh d

vwurqj zlghqlqj dqg dq xszdug vkliw ri wkh lqwhuydo1 Wklv lv uhodwhg wr Eloo Folqwrq sxufkdvlqj

klv grj1 Odwhu rq wrzdugv Ghfhpehu ri 4<<9 wkhuh lv dqrwkhu zlghqlqj

S �L?U*�t�L?

Lq wklv sdshu zh lpsohphqw vhyhudo phwkrgv wr h{wudfw ulvn qhxwudo ghqvlwlhv1 Wkh phwkrgv

udqjh irup wkh qrq0vwuxfwxudo +jlyhq e| d pl{wxuh ri orjqrupdov, wr wkh ixoo| vwuxfwxudo prgho

+d mxps0gl�xvlrq dqg d vwrfkdvwlf yrodwlolw| prgho,1 Zh dovr lpsohphqw phwkrgv edvhg rq

Judp0Fkduolhu dqg Hgjhzruwk h{sdqvlrqv1

Iluvw/ zh frpsduh wkrvh ydulrxv phwkrgv iru wzr gdwhv1 Wkh �uvw gdwh lv udwkhu fdop zkhuhdv

wkh vhfrqg gdwh fruuhvsrqgv wr dq djlwdwhg pdunhw1 Zh �qg wkdw doo prghov |lhog UQGv zklfk

gl�hu vljql�fdqwo| iurp wkh orjqrupdo ehqfkpdun1 Frqfhuqlqj vwdelolw| dqg vshhg ri hvwlpdwlrq

zh irxqg wkdw wkh pl{wxuh ri orjqrupdov dqg wkh vwrfkdvwlf yrodwlolw| prgho uhtxluh �{lqj vrph

sdudphwhuv rq d julg zkloh hvwlpdwlqj wkh uhpdlqlqj rqhv1 Wklv reylrxvo| uhvxowv lq d udwkhu

vorz surfhgxuh1 Wkh rwkhu phwkrgv frqyhujh txlfno| dqg |lhog udwkhu vwdeoh uhvxowv1

Zh ixuwkhu �qg wkdw prghov gl�hu lq wkhlu delolw| wr fdswxuh wkh odujh vnhzqhvv h{lvwlqj lq

wkh iruhljq h{fkdqjh gdwd dw kdqg1 Lq sduwlfxodu sro|qrpldo dssur{lpdwlrqv dqg wkh vwrfkdvwlf
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yrodwlolw| prgho kdyh gl�fxowlhv dw wklv ohyho1

Vhfrqg/ zh frpsduh wkh ydulrxv phwkrgv rq wlph vhulhv gdwd xvlqj dv fulwhulrq wkh devroxwh

uhodwlyh huuru1 Zh vhh wkdw wkh pl{wxuh ri orjqrupdov prgho shuirupv zhoo rq vkruw pdwxulw|

rswlrqv dqg wkdw wkh mxps gl�xvlrq prgho rxwshuirupv doo prghov iru orqjhu pdwxulwlhv1 Wkh

frqvwuxfwlrq ri frq�ghqfh lqwhuydov uhyhdov lqwhuhvwlqj sdwwhuqv dqg vkrzv wkhlu xvhixoqhvv iru

srolf| pdnhuv ru iru lqyhvwruv zkr qhhg wr nqrz zkdw rwkhu pdunhw0sduwlflsdqwv dqwlflsdwh

derxw d pdunhw*v ixwxuh1

DSSHQGL[

Khuh zh ghvfuleh krz zh lpsohphqwhg wkh qrq0olqhdu ohdvw vtxduhv +QOOV, hvwlpdwlrq1 Zh �uvw

lqwurgxfh vrph qrwdwlrqv/ wkhq glvfxvv wkh wudglwlrqdo QOOV hvwlpdwlrq1 Hyhqwxdoo| zh h{sodlq

krz zh hvwlpdwhg sdudphwhuv lq pruh gl�fxow vlwxdwlrqv1

Iru d jlyhq gdwh/ zh frqvlghu Q rswlrqv fkdudfwhul}hg e| vxevfulsw l1 Wkh lwk rswlrq kdv

vwulnh sulfh N� dqg pdwxulw| W 1 Wkh pdunhw sulfh/ zulwwhq F�
�A / lv jlyhq1 Odvw/ ohw F

f
�A +�, eh wkh

wkhruhwlfdo sulfh iru wkh lwk vwulnh sulfh dqg pdwxulw| W zkhuh � lv d sdudphwhu yhfwru ghvfulelqj

wkh UQG dvvrfldwhg zlwk prgho [1

QOOV frqvlvwv lq �qglqj wkh vroxwlrq wr wkh surjudp�b

plq
wMX

[
�'�cuuuc�

+F�
�A � Ff

�A +�,,
2

zkhuh � lv wkh grpdlq wr zklfk � fdq ehorqj1

Iru vrph ri wkh prghov wkh sdudphwhu hvwlpdwlrq wxuqhg rxw wr eh gl�fxow1 Lq sduwlfxodu/

li sdudphwhuv qhhg wr eh rewdlqhg lq d v|vwhpdwlf zd| vxfk dv lq wkh wlph vhulhv iudphzrun/ lw

ehfrphv qhfhvvdu| wr pdnh vxuh wkdw wkh dojrulwkp grhv qrw glyhujh1 Lq prvw fdvhv zkdw glg

wkh wulf zdv/ �uvw/ wr uhvwulfw sdudphwhuv wr od| lq fhuwdlq lqwhuydov +vxfk d uhvwulfwlrq fdq eh

rewdlqhg e| xvlqj d orjlvwlf wudqvirup, dqg/ vhfrqg/ wr irufh fhuwdlq sdudphwhuv wr wdnh ydoxhv

rq d julg zkhuhdv wkh rwkhu sdudphwhuv zhuh rewdlqhg zlwkrxw uhvwulfwlrqv1 Zkhq d sdudphwhu

�bA��t |)Ti Lu ThL}h@4 U@? Mi i@t�*) �4T*i4i?|i_ ��|��? B@�tt �t�?} |�i ��A�N� 4L_�*i�
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zdv uxqqlqj rq d julg zh hyhqwxdoo| udq dq xqfrqvwudlqhg hvwlpdwlrq xvlqj dv vwduwlqj ydoxhv

wkh hvwlpdwhv rewdlqhg ryhu wkh julg zlwk plqlpdo huuru1

Zh hqfrxqwhuhg gl�fxowlhv lq wkh iroorzlqj fdvhv= Iru wkh pl{wxuh ri orjqrupdov fdvh zh

qrwlfhg wkdw zh riwhq rewdlqhg sdudphwhu hvwlpdwhv zkhuh doo wkh zhljkw zdv sxw rq rqh ghqvlw|

dqg |lhoglqj d ghjhqhudwh ghqvlw| +zlwk }hur yduldqfh, iru wkh ghqvlw| zlwk qr zhljkw1 Ixuwkhu

h{shulphqwv zlwk wklv phwkrg uhyhdohg wkh h{lvwhqfh ri pxowlsoh plqlpxp1 Wr plwljdwh wklv

sureohp zh ghflghg wr wdnh wkh zhljkw ryhu d julg vwduwlqj forvh wr 3 dqg hqglqj forvh wr 4 dqg

wr hvwlpdwh iru hdfk ri wkh zhljkwv rswlpdo sdudphwhuv1 Zh dovr ghflghg wr frqvwudlq/ e| xvlqj

d orjlvwlf wudqvirup/ wkh phdqv ri wkh ydulrxv ghqvlwlhv lq d udqjh ghhphg wr eh uhdvrqdeoh1

Zh dovr hqfrxqwhuhg vlplodu gl�fxowlhv lq hvwlpdwlqj wkh vwrfkdvwlf yrodwlolw| prgho1 Iru wklv

fdvh zh irufhg wkh � sdudphwhu rq d julg wdnlqj ydoxhv ehwzhhq wzr erxqgv fkrvhq vx�flhqwo|

zlgh dsduw wr fryhu d uhdvrqdeoh udqjh ri ydoxhv1 Doo rwkhu phwkrgv whqghg wr eh idvw dqg vwdeoh1
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Dedglu/ N1 P1/ dqg P1 Urfnlqjhu/ +4<<;,/ Ghqvlw| hpehgglqj ixqfwlrqv/ Xqlyhuvlw| ri \run/
plphr1

D��w0Vdkdold/ \1/ dqg D1 Z1 Or/ +4<<8,/ Qrqsdudphwulf hvwlpdwlrq ri vwdwh0sulfh ghqvlwlhv lp0
solflw lq �qdqfldo dvvhw sulfhv/ QEHU zrunlqj sdshu 86841

Denhq/ S1/ G1 E1 Pdgdq/ V1 Udpdpxuwlh/ +4<<9,/ Hvwlpdwlrq ri ulvn0qhxwudo dqg vwdwlvwlfdo ghq0
vlwlhv e| Khuplwh sro|qrpldo dssur{lpdwlrq= Zlwk dq dssolfdwlrq wr Hxurgroodu Ixwxuhv
Rswlrqv/ Ihghudo Uhvhuyh Edqn ri Dwodqwd/ plphr1

Edkud/ E1/ +4<<9,/ Suredelolw| glvwulexwlrqv ri ixwxuh dvvhw sulfhv lpsohlg e| rswlrq sulfhv/
Edqn ri Hqjodqg Txduwhuo| Exoohwlrq= Dxjxvw 4<<9/ 5<<~6441

Edoo/ F1/ dqg D1 Urpd/ +4<<7,/ Vwrfkdvwlf yrodwlolw| rswlrq sulflqj/ Mrxuqdo ri Ilqdqfldo dqg
Txdqwlwdwlyh Dqdo|vlv/ 5</ 8;<~93:1

Edoo/ F1/ dqg Wrurxv/ +4<;6,/ D vlpsol�hg mxps surfhvv iru frpprq vwrfn uhwxuqv/ Mrxuqdo ri
Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 4;/ 860981

Edoo/ F1/ dqg Wrurxv/ +4<;8,/ Rq mxpsv lq frpprq vwrfn sulfhv dqg wkhlu lpsdfw rq fdoo rswlrq
sulflqj/ Mrxuqdo ri Ilqdqfh/ 83/ 48804:61

Eduwrq/ G1 H1 dqg N1 H1 U1 Ghqqlv/ +4<85,/ Wkh frqglwlrqv xqghu zklfk Judp0Fkduolhu dqg
Hgjhzruwk fxuyhv duh srvlwlyh gh�qlwh dqg xqlprgdo/ Elrphwulnd/ 6</ 758~75:1

Edwhv/ G1 V1/ +4<<4,/ Wkh Fudvk ri *;:= Zdv lw h{shfwhgB Wkh hylghqfh iurp rswlrqv pdunhwv/
Mrxuqdo ri Ilqdqfh/ 79/ 433<~43771

Edwhv/ G1 V1/ +4<<9d,/ Groodu mxps ihduv/ 4<;7=4<<5/ Glvwulexwlrqdo dqrpdolwlhv lpsolflw lq
fxuuhqf| ixwxuhv rswlrqv/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 48/ 98~<61

Edwhv/ G1 V1/ +4<<9e,/ Mxpsv dqg vwrfkdvwlf yrodwlolw|= h{fkdqjh udwh surfhvvhv lpsolflw lq
Ghxwvfkh Pdun rswlrqv/ Mrxuqdo ri Ilqdqfldo Vwxglhv/ </ 9<~43:1

Eodfn/ I1/ +4<:9,/ Wkh sulflqj ri frpprglw| frqwudfwv/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 6/
49:~4:<1

Eodfn/ I1/ dqg P1 Vfkrohv/ +4<:6,/ Wkh sulflqj ri rswlrqv dqg frusrudwh oldelolwlhv/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ ;4/ 96:~9871

Euhhghq/ G1/ dqg U1 Olw}hqehujhu/ +4<:;,/ Sulfhv ri vwdwh0frqwlqjhqw fodlpv lpsolflw lq rswlrq
sulfhv/ Mrxuqdo ri Exvlqhvv/ 84/ 954~9841

Fdpsd/ M1 F1/ S1 K1 N1 Fkdqj/ U1 O1 Uhlghu/ +4<<:,/ HUP edqgzlgwkv iru HPX dqg diwhu=
hylghqfh iurp iruhljq h{fkdqjh rswlrqv/ Hfrqrplf Srolf|/ 88~;:1

Fkhvqh|/ P1/ dqg O1 Vfrww/ +4<;<,/ Sulflqj Hxurshdq fxuuhqf| rswlrqv= d frpsdulvrq ri wkh
prgl�hg Eodfn0Vfkrohv dqg d udqgrp yduldqfh prgho/ Mrxuqdo ri Ilqdqfldo dqg Txdqwl0

wdwlyh Dqdo|vlv/ 57/ 59:~5;71

Fruudgr/ Fk1 M1/ dqg W1 Vx/ +4<<9,/ V)S 833 lqgh{ rswlrq whvwv ri Mduurz dqg Uxgg*v dssur{0
lpdwh rswlrq ydoxdwlrq irupxod/ Wkh Mrxuqdo ri Ixwxuhv Pdunhwv/ 9/ 944~95<1
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Fr{/ M1 F1/ dqg V1 D1 Urvv/ +4<:9,/ Wkh ydoxdwlrq ri rswlrqv iru dowhuqdwlyh vwrfkdvwlf surfhvvhv/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 6/ 478~4991

Ghupdq/ H1/ dqg L1 Ndql/ +4<<7,/ Ulglqj rq d vploh/ ULVN/ :/ 65~6<1

Gx�h/ G1/ +4<;;,/ Vhfxulw| Pdunhwv= Vwrfkdvwlf Prghov/ Dfdghplf Suhvv/ Ervwrq1

Gxpdv/ E1/ M1 Iohplqj/ dqg U1 H1 Zkdoh|/ +4<<;,/ Lpsolhg yrodwlolw| ixqfwlrqv= hpslulfdo whvwv/
Mrxuqdo ri Ilqdqfh/ iruwkfrplqj1

Gxsluh/ E1/ +4<<7,/ Sulflqj zlwk d Vploh/ ULVN/ :/ 4;~531

Jdupdq/ P1 dqg V1 Nrkokdjhq/ +4<;6,/ Iruhljq fxuuhqf| rswlrq ydoxhv/ Mrxuqdo ri Lqwhuqdwlrqdo
Prqh| dqg Ilqdqfh/ 5/ 564~56;1

Jhvvhu/ Y1/ dqg S1 Srqfhw/ +4<<:,/ Yrodwlolw| sdwwhuqv= wkhru| dqg vrph hylghqfh iurp wkh
Groodu0Pdun rswlrq pdunhw/ Wkh Mrxuqdo ri Ghulydwlyhv1

Kduulvrq/ M1 P1/ dqg G1 Nuhsv/ +4<:<,/ Pduwlqjdohv dqg duelwudjh lq pxowlshulrg vhfxulw|
pdunhwv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 53/ 6;4~73;1

Khvwrq/ V1/ +4<<6,/ D forvhg0irup vroxwlrq iru rswlrqv zlwk vwrfkdvwlf yrodwlolw| zlwk dssolfd0
wlrqv wr erqg dqg fxuuhqf| rswlrqv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 9/ 65:~6761

Kxoo/ M1/ +4<<6,/ Rswlrqv/ ixwxuhv dqg rwkhu ghulydwlyh vhfxulwlhv/ Suhqwlfh0Kdoo/ Hqjohzrrg
Fol�v/ QM/ 5qg Hglwlrq1

Kxoo/ M1/ dqg D1 Zklwh/ +4<;:,/ Wkh sulflqj ri rswlrqv rq dvvhwv zlwk vwrfkdvwlf yrodwlolwlhv/
Mrxuqdo ri Ilqdqfh/ 75/ 5;4~6331

Mdfnzhuwk/ M1 F1/ dqg P1 Uxelqvwhlq/ +4<<8,/ Lpsolhg suredelolw| glvwulexwlrqv= hpslulfdo
dqdo|vlv/ Lqvwlwxwh ri Exvlqhvv dqg Hfrqrplf Uhvhdufk/ Ilqdqfh zrunlqj sdshu qr1 583/
Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1

Mduurz/ U1/ dqg D1 Uxgg/ +4<;5,/ Dssur{lpdwh ydoxdwlrq iru duelwudu| vwrfkdvwlf surfhvvhv/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 67:~69<1

Mrkqvrq/ Q1 O1/ V1 Nrw}/ dqg Q1 Edodnulvkqdq/ +4<<7,/ Frqwlqxrxv xqlyduldwh glvwulexwlrq/ yro1
4/ Mrkq Zloh| dqg Vrqv/ Qhz \run/ 5qg hg1

Mrulrq/ Sk1/ +4<;<,/ Rq mxps surfhvvhv lq wkh iruhljq h{fkdqjh dqg vwrfn pdunhwv/ Uhylhz ri

Ilqdqfldo Vwxglhv/ 764~7781

Nqljkw/ M1/ dqg V1 Vdwfkhoo/ +4<<:,/ Sulflqj ghulydwlyhv zulwwhq rq dvvhwv zlwk duelwudu| vnhzqhvv
dqg nxuwrvlv/ Wulqlw| Froohjh/ plphr1

Pdgdq/ G1 E1/ dqg I1 Ploqh/ +4<<7,/ Frqwlqjhqw fodlpv ydoxhg dqg khgjhg e| sulflqj dqg
lqyhvwlqj lq d edvlv/ Pdwkhpdwlfdo Ilqdqfh/ 7/ 556~5781

Pdo}/ D1 P1/ +4<<9,/ Rswlrqv0edvhg hvwlpdwhv ri wkh suredelolw| glvwulexwlrq ri h{fkdqjh udwhv
dqg fxuuhqf| h{fhvv uhwxuqv/ plphr/ Ihghudo Uhvhuyh Edqn ri Qhz \run1

Pdo}/ D1 P1/ +4<<:,/ Xvlqj rswlrq sulfhv wr hvwlpdwh uhdoljqphqw suredelolwlhv lq wkh Hxurshdq
prqhwdu| v|vwhp/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 1
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Pholfn/ Z1 U1/ dqg Fk1 S1 Wkrpdv/ +4<<:,/ Uhfryhulqj dq dvvhw*v lpsolhg SGI iurp rs0
wlrqv sulfhv= dq dssolfdwlrq wr fuxgh rlo gxulqj wkh Jxoi fulvlv/ Mrxuqdo ri Ilqdqfldo dqg
Txdqwlwdwlyh Dqdo|vlv/ 65/ <4~4491

Pholqr/ D1/ dqg V1 Wxuqexoo/ +4<<3,/ Sulflqj iruhljq fxuuhqf| rswlrqv zlwk vwrfkdvwlf yrodwlolw|/
Mrxuqdo ri Hfrqrphwulfv/ 78/ 56<~5981

Phuwrq/ U1/ +4<:6,/ Wkhru| ri udwlrqdo rswlrq sulflqj/ Ehoo Mrxuqdo ri Hfrqrplfv dqg Pdq0

djhphqw Vflhqfh/ 7/ 474~4;61

Phuwrq/ U1/ +4<:9,/ Rswlrq sulflqj zkhq xqghuo|lqj vwrfn uhwxuqv duh glvfrqwlqxrxv/ Mrxuqdo
ri Ilqdqfldo Hfrqrplfv/ 458~4771

Uxelqvwhlq/ P1/ +4<<7,/ Lpsolhg elqrpldo wuhhv/ Mrxuqdo ri Ilqdqfh/ 7</ ::4~;4;1

Urqfdool/ W1/ +4<<:,/ Txhotxhv dssolfdwlrqv gh JDXVV hq Ilqdqfh/ Zhevlwh ri wkh Xqlyhuvlw|
ri Erughdx{1

Vkhuulfn E1 M1/ Sk1 Jdufld/ dqg Y1 Wludsdwwxu/ +4<<9,/ Uhfryhulqj suredelolvwlf lqirupdwlrq
iurp rswlrq pdunhwv= whvwv ri glvwulexwlrqdo dvvxpswlrqv/ Mrxuqdo ri Ixwxuhv Pdunhwv/ 49/
878~8931

Vklpnr/ G1/ +4<<6,/ Erxqgv ri suredelolw| / ULVN/ 9/ 66~7:1

V�rghuolqg S1/ dqg O1 H1 R1 Vyhqvvrq/ +4<<:,/ Qhz whfkqltxhv wr h{wudfw pdunhw h{shfwdwlrqv
iurp �qdqfldo lqvwuxphqwv/ FHSU Glvfxvvlrq Sdshu Qr1 4889/ Mdqxdu|1

Vwhlq/ H1/ dqg M1 Vwhlq/ +4<<4,/ Vwrfn sulfh glvwulexwlrqv zlwk vwrfkdvwlf yrodwlolw|= dq dqdo|wlf
dssurdfk/ Uhylhz ri Ilqdqfldo Vwxglhv/ 7/ :5:~:851

Vwxw}hu/ P1/ +4<<9,/ D vlpsoh qrqsdudphwulf dssurdfk wr ghulydwlyh vhfxulw| ydoxdwlrq/ Mrxuqdo
ri Ilqdqfh/ 4966~49851

Wd|oru/ V1 M1/ +4<<7,/ Prgholqj vwrfkdvwlf yrodwlolw|/ Pdwkhpdwlfdo Ilqdqfh/ 7/ 4;6~5371

Zljjlqjv/ M1/ +4<;:,/ Rswlrqv ydoxhv xqghu vwrfkdvwlf yrodwlolw|= wkhru| dqg hpslulfdo hvwlpdwhv/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 4</ 684~6:51
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FDSWLRQV

Wdeoh 4 suhvhqwv wkh sdudphwhu hvwlpdwhv iru wkh Ehuqrxool yhuvlrq ri d mxps0gl�xvlrq1 � lv

wkh gl�xvlrq yrodwlolw|1 Wkh mxps zloo rffxu zlwk suredelolw| � zlwklq rqh |hdu1 Lwv vl}h lv n1

�W uhsuhvhqwv wkh suredelolw| ri d mxps wr rffxu ehiruh wkh pdwxulw| ri wkh rswlrq1 �n lv wkh

dqqxdol}hg lpsdfw ri d srvvleoh mxps1 Sdudphwhuv duh dozd|v hvwlpdwhg xvlqj qrq0olqhdu ohdvw

vtxduhv dv ixuwkhu h{sodlqhg lq wkh dsshqgl{1 Doo rswlrqv duh Hxurshdq1 Iru 4:1381<9 +581371<:,

zh kdyh rswlrqv iru 46 +44, ghowdv1 Wkh �uvw gdwh fruuhvsrqgv wr d fdop pdunhw zkduhdv wkh

vhfrqg rqh wr dq djlwdwhg pdunhw1

Wdeoh 5 suhvhqwv wkh uhvxowv iru Khvwrq*v vwrfkdvwlf yrodwlolw| prgho ghvfulehg e|

gV| @ �V|gw.
s
y|gZ�c|

gy| @ �+� � y|,gw. �
s
y|gZ2c|

zkhuh Z�c|>Z2c| duh wzr Eurzqldq prwlrqv zlwk srvvleoh fruuhodwlrq �1 � lv wkh yrodwlolw| ri

yrodwlolw|1
s
y| lv d phdvxuh ri lqvwdqwdqhrxv yrodwlolw|1 � dqg

s
� uhsuhvhqw wkh lqwhqvlw| ri phdq

uhyhuvlrq dqg orqj uxq yrodwlolw|1 Li � lv wkh ulvn suhplxp wkhq �W � ��@+�.�, dqg �W � �.�1

Zh hvwlpdwhg sdudphwhuv lq wzr vwdjhv/ �uvw uxqqlqj �W rq d julg ehwzhhq 5 dqg 8 dqg wkhq

uxqqlqj dq hvwlpdwlrq zlwk �W iuhh xvlqj dv vwduwlqj ydoxh wkh rswlpdo rqh iurp wkh �uvw vwdjh1

Wkh odvw froxpq frpelqhv doo pdwxulwlhv iru d jlyhq gdwh1

Wdeoh 6 glvsod|v d frpsdulvrq ri ydulrxv prphqwv iru wkh UQGv1 Iru 4:1381<9 +581371<:, wkh

dfwxdo iruzdug sulfhv iru wkh 4/ 6/ dqg 45 prqwk rswlrqv duh 616<;</ 616<66/ dqg 617464 +616:73/

616:8;/ dqg 616;53,1

Wdeoh 7 glvsod|v <3 dqg <8 shufhqw frq�ghqfh lqwhuydov iru wkh 4/6/ dqg 45 prqwk rswlrqv1

Dfwxdo iruzdug sulfhv duh dv lq Wdeoh 61

Wdeoh 8 suhvhqwv wkh devroxwh uhodwlyh huuruv +DUH, iru wkh ydulrxv prghov iru wkh 4 prqwk wr

pdwxulw| rswlrqv1 Wkh �pdunv wkh prgho zlwk wkh vpdoohvw huuru iru d jlyhq gd|1 Wkh pqhprqlfv
Ehqfk/ Pl{/ KH/ HG/ MG vwdqg uhvshfwlyho| iru wkh ehqfkpdun/ pl{wxuh ri orjqrupdov/ khuplwh

dssur{lpdwlrq/ hgjhzruwk h{sdqvlrq/ dqg mxps0gl�xvlrq prgho1
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Wdeoh 9 lv vlplodu wr Wdeoh 8 exw ixu wkh 45 prqwk wr pdwxulw| rswlrqv1
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4:1381<9
4 prqwk 6 prqwk 9 prqwk 45 prqwk

� 3134:5 3134:; 3134<6 313538
�W 3136<< 313954 313988 3139<<
�n 313437 3133<8 3133:8 31338;

581371<:
4 prqwk 6 prqwk 9 prqwk 45 prqwk

� 3134;9 3134:9 313493 313498
�W 313:4: 31393; 313933 3138:7
�n 313563 31345; 3133;< 313396

Wdeoh 4= Hvwlpdwhv ri wkh Ehuqrxool yhuvlrq ri wkh mxps0gl�xvlrq prgho1

4:1381<9
4 prqwk 6 prqwk 9 prqwk 45 prqwk Frpelqhg

�W 615889 616:;4 617;48 515<73 713633s
�W 313597 313695 3136;9 31367< 313649

� 314895 314756 3148<9 314397 314833
� 3177<: 318:5: 318767 318<9; 318763s
y| 313554 3134<3 313353 31349: 313557

581371<:
4 prqwk 6 prqwk 9 prqwk 45 prqwk Frpelqhg

�W 615847 6169;: 61759: 61;356 615;53s
�W 313:53 313765 3134;7 31336; 3135;6

� 31639; 314;6: 314665 314763 3148:3
� 3184:9 31959< 319559 31986: 3194:3s
y| 3134;8 31353; 31369: 3138;: 313633

Wdeoh 5= Sdudphwhu hvwlpdwhv ri wkh vwrfkdvwlf yrodwlolw| prgho1
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4:1381<9

iruzdug yrodw1 vnhz1 nxuw1
40prqwk

Orj0qrupdo 616;<; 313535 3134:< 313339
Orj0qrupdo pl{wxuh 616;<; 313558 31<3<9 716<4:
Khuplwh dssur{lpdwlrq 616;<; 313557 31:45: 61564<
Hgjhzruwk h{sdqvlrq 616;<; 313557 319;<; 61546:
Mxps0gl�xvlrq 616;<; 31354< 415<65 618<88
Vwrfkdvwlf0yrodwlolw| 616;<< 313548 41497: 617585

60prqwk
Orj0qrupdo 616<66 31355: 31367; 313355
Orj0qrupdo pl{wxuh 616<66 313586 41687; 714;9<
Khuplwh dssur{lpdwlrq 616<68 31357; 414743 51:774
Hgjhzruwk h{sdqvlrq 616<66 313584 413544 51<93<
Mxps0gl�xvlrq 616<66 31357< 416:48 613:33
Vwrfkdvwlf0yrodwlolw| 616<65 313577 4166:8 619<:9

450prqwk
Orj0qrupdo 617464 31359: 313;46 31344;
Orj0qrupdo pl{wxuh 617463 3135<5 41669< 6194:3
Khuplwh dssur{lpdwlrq 617465 3135;< 4147<8 5186;4
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